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GEORGIA INSTITUTE OF TECHNOLOGY 
ENGINEERING EXPERIMENT STATION 
ATLANTA, GEORGIA 30332 
May 4, 1964 
George C. Marshall Space Flight Center 
National Aeronautics and Space Administration 
Huntsville, Alabama 35812 
Attention: Mr. James W. Fletcher 
Contracting Officer 
Subject: 	Monthly Progress Report No. 1, Project No A-767 
Contract No. NA58-11159 
"Analytical Mechanical Model for the Description of 
the Rotary Propellant Sloshing Motion" 
Covering the Period April 1, 1964 to May- 1, 1964 
Gentlemen: 
During the period of April 1, 1964 to May 1, 1964, all known available 
literature on the problem of rotary sloshing has been obtained and studied. 
The object of the immediate investigation was then to determine the type of 
nonlinearities that should be included in the analytical mechanical model. 
Since rotary sloshing of the fluid with a free fluid surface occurs already 
for a container undergoing lateral harmonic motion of small amplitudes in 
the immediate vicinity of the lowest antisymmetric sloshing frequency ) and 
since usually small vibration amplitudes are encountered in actual flights 
of missiles and space vehicles, it was decided to include only the non-
linearities due to the wave heights and fluid velocities, thus considering 
the excitation amplitude small compared to the tank diameter. 
Rotary sloshing occurs not only in circular cylindrical containers, but 
also in rectangular containers, indicating that tank geometry and viscosity 
have only minor effects on its creation. The potential theory results can 
therefore be employed for the determination of the mechanical model. 
Before proceeding to the description of the rotary sloshing fluid 
motion with an analytical mechanical model thepressure distribution along the 
tank wall and container bottom has to be derived and computed. From this 
the liquid force and liquid moment can be obtained by integration of the 
appropriate pressure components along the container walls. 
No difficulties have been encountered during this period. 
Respectfully submitted, 
Helmut F. Bauer 
Project Director 
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June 5, 1964 
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Mr. James W. Fletcher 
Contracting Officer 
Monthly Progress Report No. 2, Project No. A-767 
Contract No. NA58-11159 
"Analytical Mechanical Model for the Description of 
the Rotary Propellant Sloshing Motion" 
Covering the Period May 1, 1964 to June 1, 1964 
During the period of May 1, 1964 to June 1, 1964, several possible 
analytical models were investigated in an attempt to find a model exhibiting 
as nearly as possible the same non-linearities observed for the fluid at 
large amplitudes. 
The spring mass system was abandoned because further investigation 
revealed that the vertical displacement of the slosh mass center of gravity 
could not be neglected for large amplitudes. 
An investigation of the motion of the slosh mass center of gravity 
revealed that the motion is closely approximated by a mass point moving 
in a paraboloid subjected to a small harmonic displacement. Approximate 
solutions to the non-linear differential equation have, thus far, exhibited 
the desired characteristics, namely, those of a softening system for the 
planar oscillations, and those of a hardening system for the rotary motion. 
At present, it appears that close agreement between experimental data 
and the analytical solution for the paraboloid model can be obtained. 
Respectfully submitted, 
Helmut F. Bauer 
Project Director 
HFB/c 
GEORGIA INSTITUTE OF TECHNOLOGY 
ENGINEERING EXPERIMENT STATION 
ATLANTA, GEORGIA 30332 
July 1, 1964 
George C. Marshall Space Flight Center 
National Aeronautics and Space Administration 
Huntsville, Alabama 35812 
Attention:: Mr% James W. Fletcher 
Contracting Officer 
Subject: 	Monthly Progress Report No. 3, Project No A-767 
Contract No NA58-11159 
"Analytical Mechanical Model for the Description of 
the Rotary Propellent Sloshing Motion" 
Covering the Period of June 1, 1964 to July 1, 1964 
Gentlemen: 
During the period from June 1, 1964 to July 1, 1964, the non-linear 
characteristics of the mass point paraboloid model were investigated, The 
amplitude-frequency relation showed good agreement with available experi-
mental data for the planar motion of the fluid surface, including stability 
boundaries. Comparisions made with the theoretical values obtained through 
the inclusion of non-linear terms in the free-surface conditions also showed 
good agreement with the model values for both the amplitudes and stability 
boundaries. 
In order to obtain agreement for the rotary motion, it appears necessary 
to also include non-linear springs which will introduce the "hardening" nec-
essary for the desired amplitude-frequency relation. 
It appears, at present, that the model thus obtained will accurately 
describe all observed fluid motions and will predict fluid amplitudes, forces 
and moments within; required accuracy• 
Respectfully submitted, 
Helmut F Bauer 
Project Director 
HFP/CDC/c 
GEORGIA INSTITUTE OF TECHNOLOGY 
ENGINEERING EXPERIMENT STATION 
ATLANTA. GEORGIA 30332 
August 5, 1964 
George C. Marshall Space Flight Center 
National Aeronautics and Space Administration 
Huntsville, Alabama 35812 
Attention: Mr. James W. Fletcher 
Contracting Officer 
Subject: 	Monthly Progress Report No. 4, Project No. A-767 
Contract No. NA58-11159 
"Analytical Mechanical Model for the Description of 
the Rotary Propellent Sloshing Motion" 
Covering the Period from July 1, 1964 to August 1, 1964 
Gentlemen: 
The period from July 1 to August 1, 1964, was devoted principally 
to the incorporation of damping in the paraboloid model described briefly 
in previous progress letters. An investigation of the stability boundaries 
with damping included was conducted in order to determine, theoretically, 
the effect of the damping on the amplitudes and frequencies at which 
instability of the planar motion occurs. The results have shown that small 
damping does not appreciably change the stability boundaries. The stability 
boundaries for the undamped rotary motion of the fluid have also been de-
termined theoretically, and an investigation of the damped rotary motion 
is in progress. 
Equations of motion for pitching excitation have been derived and 
the non-linear response obtained. 
All results obtained from the model equations have thus far shown 
good agreement with available experimental data. 
R e sm.!rtfi 11v sithmitterl 
Helmut F. Bauer 
Project Director 
HFB / CDC/ c 
GEORGIA INSTITUTE OF TECHNOLOGY 
ENGINEERING EXPERIMENT STATION 
ATLANTA. GEORGIA 30332 
August 3], 1964 
George C. Marshall Space Flight Center 
National Aeronautics and Space Administration 
Huntsville, Alabama 35812 
Attention: Mr. James W. Fletcher 
Contracting Officer 
Subject: 	Monthly Progress Report No. 5, Project No. A-767 
Contract No. NA58-11159 
"Analytical Mechanical Model for the Description of 
the Rotary Propellent Sloshing Motion" 
Covering the Period from August 1, 1964 to September 1, 1964 
Gentlemen° 
The period from August 1 to September 1, 1964, was devoted to 
an investigation of the effects of damping on the rotary motion of the 
propellant. The inclusion of damping in the non-linear equations 
necessitates the solving of four simultaneous, non-linear, algebraic 
equations in order to obtain the rotary response. Various iteration 
procedures are being used in an attempt to obtain the damped rotary 
response, using the undamped response as the starting point for the 
iteration procedure. Results, thus far, indicated that such a procedure 
will converge to the damped solution in frequency regions where stable 
rotary motion is possible. 
Respectfully submitted, 
'Helmut F. Bauer 
Project Director 
HFB/CDC/c 
GEORGIA INSTITUTE OF TECHNOLOGY 
ENGINEERING EXPERIMENT STATION 
ATLANTA. GEORGIA 30332 
October 7, 1964 
George C. Marshall Space Flight Center 
National Aeronautics and Space Administration 
Huntsville, Alabama 35812 
Attention: Mr. James W. Fletcher 
Contracting Officer 
Subject: Monthly Progress Report No. 6, Project No. A-767 
Contract No. NA58-11159 
"Analytical. Mechanical Model for the Description of 
the Rotary Propellent Sloshing Motion" 
Covering the Period from September 1 to October 1, 1964 
Gentlemen: 
During the period September 1, to October 1, 1964, several methods 
were investigated for solving the similtaneous, non-linear, algebraic equations 
which resulted from the inclusion of damping in the differential equations of 
motion for the model. The Newton-=Raphson method gave rapid convergence 
when the undamped response was used as the starting point for the iteration 
procedure. 
A non-iterative procedure for determining the damped rotary response 
is, of course, desirable; consequently, various approximations which will 
facilitate the determining of the damped rotary amplitudes are under investigation. 
Respectfully submitted, 
ielmut F. Bauer 
Project Director 
HFB/CDC/c 
GEORGIA INSTITUTE OF TECHNOLOGY 
ATLANTA, GEORGIA 30332 
SCHOOL OF 
ENGINEERING MECHANICS 
October 30, 1964 
George C. Marshall Space Flight Center 
National Aeronautics and Space Administration 
Huntsville, Alabama 35812 
Attention: Mr, James W. Fletcher 
Contracting Officer 
Subject: 	Monthly Progress Report No, 7, Project No, A-767 
Contract No. NAS8-11159 
"Analytical Mechanical Model for the Description of 
the Rotary Propellent Sloshing Motion" 
Covering the Period from October 1 to November 1, 1964 
Gentlemen: 
During the period of October 1 to November.1, 1964, the complete mech-
anical analogy for the description of the liquid in a cylindrical container 
of circular cross section has been derived. This model describes the observed 
nonlinear phenomena associated with the sloshing of the liquid. The liquid 
in the lower part of the container follows the motion like a rigid body and 
is therefore described by a fixed mass with a moment of inertia. For pitching 
excitation about the origin, not all of the fluid is participating in the motion, 
but a part remains completely at rest, For this reason a frictionlessly mounted 
massless sphere with the moment of inertia, I , has been introduced. For the 
x- and y-direction a dashpot is connected to the, sphere and to the container 
bottom. The slosh masses move on paraboloids and are connected with a third order 
spring which slides along the vertical axis. 
With the help of the Lagrange equations the complete nonlinear set of equations, 
of motion has been derived. This set consists of the force equation, moment 
equation, sphere equations in both directions, an infinite number of equations 
for the slosh masses in x-direction and in infinite number of equations for the 
slosh masses in y-direction. 
Respectfully submitted, 
Helmut F. Bauer 
Project Director 
GEORGIA INSTITUTE OF TECHNOLOGY 
ATLANTA, GEORGIA 30332 
SCHOOL OF 
ENGINEERING MECHANICS 
December 1, 1964 
George C. Marshall Space Flight Center 
National Aeronautics and Space Administration 
Huntsville, Alabama 35812 
Attention: Mr. James W,Fletcher 
Contracting Officer 
Subject: 	Monthly Progress Report No. 8, Project No. A-767 
Contract No. NAS8-11159 
"Analytical Mechanical Model for the Description of 
the Rotary Propellent Sloshing Motion" 
Covering the Period from November 1 to December 1, 1964 
Gentlemen: 
During the period of November 1 to December 1, 1964, the mechanical analogy 
has been checked for its correctness, 
Furthermore some thought has been given to the technique of equivalent li-
nearization of the nonlinear mechanical model analogy. This seems to be of 
importance in order to preserve the powerful methods for the solution of the 
systems of differential equations for the complete motion of the space ve-
hicle, since most of the equations are given in linearized form and since at 
the present time only a method for the determination of the stability of the 
space vehicle which is based on linear theory is present at MSFC. An equi-
valent linear mechanical modelcas derived for planar motion and shall be 
completed in the next period. 
Respectfully submitted, 
Helmut F, Bauer 
Project Director 
HFB:bm 
GEORGIA INSTITUTE OF TECHNOLOGY 
ENGINEERING EXPERIMENT STATION 
ATLANTA, GEORGIA 30332 
January 5, 1965 
George C. Marshall Space Flight Center 
National Aeronautics and Space Administration 
Huntsville, Alabama 35812 
Attention: Mr. James W. Fletcher 
Contracting Officer 
Subject: 	Monthly Progress Report No 9, Project No. A-767 
Contract No. NA58-11159 
"Analytical Mechanical Model for the Description of 
the Rotary Propellent Sloshing Motion" 
Covering the Period from December 1, 1964 to January 1, 1965 
Gentlemen: 
During the period of December 1, 1964, to January 1, 1965, an equivalent 
linear mechanical model was derived for planar motion. The equivalent damping 
coefficient and equivalent spring stiffness of the mechanical model describing 
the nonlinear planar liquid motion have been obtained with the Kryloff and 
Bogoliuboff Method. The equivalent damping coefficient was obtained to be 




and the equivalent spring stiffness 
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where X is the amplitude of the motion. 
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No difficulties have been encountered during this period. 
Respectfully submitted, 
Helmut F. Bauer 
Project Director 
HFB/c 
GEORGIA INSTITUTE OF TECHNOLOGY 
ENGINEERING EXPERIMENT STATION 
ATLANTA. GEORGIA 30332 
February 3, 1965 
George C. Marshall Space Flight Center 
National Aeronautics and Space Administration 
Huntsville, Alabama 35812 
Attention: Mr. James W. Fletcher 
Contracting Officer 
Subject: 	Monthly Progress Report No. 10, Project No. A-767 
Contract No. NA58-11159 
"Analytical Mechanical Model for the Description of 
the Rotary Propellent Sloshing Motion" 
Covering the Period from January 1, 1965 to February 1, 1965 
Gentlemen: 
During the period January 1, 1965 to February 1, 1965, the results of 
an investigation of the response of a spherical pendulum to excitation of the 
suspension point were compared with the results obtained for the paraboloid 
model. Since the pendulum has been treated as an analytical model for the 
linearized fluid theory, its possibility as a non-linear model was of interest. 
A comparison of the results obtained from the pendulum and paraboloid model 
with the available experimental data showed, however, that the pendulum 
model does not accurately predict the fluid amplitude and frequency at which 
instability of the planar motion occurs. Also, the amplitudes of rotary motion 
of the pendulum model do not agree with those observed experimentally. The 
paraboloid model, however, shows good agreement with experimental ampli-
tudes and stability boundaries. 
Respectfully submitted, 
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GEORGIA INSTITUTE OF TECHNOLOGY 
ENGINEERING EXPERIMENT STATION 
ATLANTA, GEORGIA 30332 
March 1, 1965 
George C. Marshall Space Flight Center 
National Aeronautics and Space Administration 
Huntsville, Alabama 35812 
Attention: Mr. James W. Fletcher 
Contracting Officer 
Subject: 	Monthly Progress Report No. 11, Project No. A-767 
Contract No . NA58 -11159 
"Analytical Mechanical Model for the Description of 
the Rotary Propellant Sloshing Motion" 
Covering the Period from February 1, 1965 to March 1, 1965 
Gentlemen: 
During the period of February 1, 1965 to March 1, 1965, a refined 
investigation of the presented mechanical model as to its solution was 
performed. 
In the previous work that has been performed to date the approximate 
solution was always considered of harmonic form. The nonlinear character of 
the governing differential equations indicates that this assumed form of the 
approximate solution can be improved by the inclusion of some superharmonic 
terms. Thus the effect of these terms was investigated. The results of an 
analysis including the first odd superharmonic term exhibited that its effect is 
of the order of only one percent of the harmonic term. From these results 
it could be concluded that the amplitude of the one-term harmonic solution is 
of sufficient accuracy. 
Respectfully submitted, 
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GEORGIA INSTITUTE OF TECHNOLOGY 
ENGINEERING EXPERIMENT STATION 
ATLANTA, GEORGIA 30332 
April 1, 1965 
George C. Marshall Space Flight Center 
National Aeronautics and Space Administration 
Huntsville, Alabama 35812 
Attention: Mr. James W. Fletcher 
Contracting Officer 
Subject: Monthly Progress Report No. 12, Project No. A-767 
Contract No. NA58-11159 
"Analytical Mechanical Model for the Description of 
the Rotary Propellant Sloshing Motion" 
Covering the Period from March 1, 1965 to April 1, 1965 
Gentlemen: 
During the period March 1, 1965 to April 1, 1965, the equations of 
motion of a space vehicle have been partly derived with the complete incorpora-
tion of the nonlinear model. Furthermore, various results have been checked 
to be made ready for the final report. 
The next month's effort will be devoted to the completion of the equations 
of motion of a space vehicle with the nonlinear slosh model and to the simplified 
equations of motion in the pitch-plane with the equivalent linearized slosh model. 
Respectfully submitted, 









GEORGIA INSTITUTE OF TECHNOLOGY 
ENGINEERING EXPERIMENT STATION 
ATLANTA, GEORGIA 30332 
May 4, 1965 
George C. Marshall Space Flight Center 
National Aeronautics and Space Administration 
Huntsville, Alabama 35812 
Attention: Mr. James W. Fletcher 
Contracting Officier 
Subject: Monthly Progress Report No. 13, Project No. A-767 
Contract No. NA58-11159 
"Analytical Mechanical Model for the Description of 
the Rotary Propellant Sloshing Motion" 
Covering the Period from April 1, 1965, to May 1, 1965 
Gentlemen: 
During the period April 1, 1965 to May 1, 1965 the equations of motion 
of a space vehicle with the complete incorporation of the nonlinear model have 
been derived. They also have been presented with the equivalent linearized 
slosh model. Furthermore the final report has been started and shall be com-
pleted during the next month's period. 
Respectfully submitted, 
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Moment of inertia of vehicle about mass center of vehicle 
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Ji 	Bessel Function of first kind of first order 
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Y
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Radial displacement of the liquid center of gravity 
xcg 	
Longitudinal displacement of the liquid center of gravity 
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Tin Ratio of the forcing frequency to the nth natural frequency 
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Damping factor of nth mode 
Roots of J I.'(e) = 0 
Generalized coordinate of vth bending mode in the xy plane 
Generalized coordinate of vth bending mode in the xa plane 
Eigenfrequency of liquid 
Amplitude of rotational excitation about z-axis 
Amplitude of rotational excitation about y-axis 
Rotation angles of sphere relative to tank bottom 
Summary  
An analytical mechanical model has been derived that describes the 
non-linear liquid behavior in a cylindrical container of circular cross 
section. The model consists of a mass with a moment of inertia rigidly 
connected to the container and of independently oscillating mass points 
for each vibration mode rolling on a guiding surface of paraboloidal form. 
Each of these mass points is coupled with a nonlinear spring capable of 
moving up and down the longitudinal axis of the container. It was found 
that a third order spring describes the rotary sloshing (which occurs in 
a forcing frequency range shortly after resonance) best. The model is 
simple and describes the motion of the liquid as well as points of insta-
bility very well. It exhibits quite an improved response compared to the 
spherical pendulum model. Since sufficient nonlinear theoretical data are 
not at the present time available for comparison purposes, one of the non-
linear model parameters had to be obtained from available experimental 
data. 
An equivalent linear model was derived for the incorporation in a 
linear control feedback and response analysis. The equations of motion 
of a space vehicle were presented with a nonlinear slosh model and with 
equivalently linearized slosh equations. 
1. Introduction  
All experimental studies concerned with liquid sloshing due to 
lateral periodic excitations have revealed a peculiar type of liquid 
motion and liquid instability near the lowest resonant frequency of the 
fluid. It has been observed that this type of sloshing motion of the 
liquid also occurs in containers on non-circular cross-section as, for 
instance, in rectangular tanks, indicating that the container geometry 
is of no decisive influence on the occurance of such a motion. The es-
sential feature of this motion is the fact that shortly before resonance 
the liquid ceases to oscillate about its nodal diameter which is perpen- 
dicular to the excitation direction. First an erratic motion of the free 
fluid surface is observed, which finally, after a further increase of 
excitation frequency, will exhibit a fluid motion having a rotating nodal 
diameter. This motion invariably occurs whether or not the liquid has any 
initial rotation [1]. It can, however, be initiated at any earlier exci-
tation frequency by introducing some additional rotational motion of the 
liquid, as it could happen during the drainage of the container by the 
formation of a vortex. Since this phenomenon can nearly be eliminated by 
proper annular ring-baffles at the container wall which may provide appro-
priate damping and thus smaller surface amplitudes of the liquid, the 
problem is recognized as being created essentially by the non-linear ef-
fects of the fluid motion. 
For a circular cylindrical container undergoing translatory excitation, 
Hutton [2] presented some theory about the surface motion and compared it 
with experimental results. No attempt, however, was made to determine 
the pressure distribution, the liquid force and moment. Some theoretical 
and experimental data concerning the response function of the fluid force 
1 
have been given by Abramson, Chu and Kana [3]. The analysis as well as 
the experiments show that there are three basic regions of liquid motion: 
1. Stable planar motion 
2. Erratic fluid surface motion in a narrow frequency band before 
the resonsance, i.e. unstable motion in which the motion of the 
nodal diameter changes constantly. 
3. Stable nonplanar motion in a certain frequency band immediately 
above resonance. 
For simplification in the treatment of the equations of motion of 
large liquid-propelled missiles and space vehicles, an equivalent mechani-
cal model that should describe the motion of the liquid has to be employed. 
In a frequency range outside a certain domain around the resonance of the 
liquid the usual sloshing motion is maintained about a stationary nodal line. 
The response of the propellant in this frequency region can be closely pre-
dicted by linear theory, and by a mechanical model based on linearized 
theory [4]. This model consists essentially of a suitable mass with moment 
of inertia that is rigidly attached to the tank wall, and independently 
oscillating sloshing masses for each vibration mode which are attached 
through springs to the container walls. Instead of a mass-spring-system 
one can also employ a mathematical pendulum model. In the neighborhood of 
the natural frequency, however, these models cannot accurately describe 
the observed motion of the liquid. A first attempt was made by Berlot 5 
and Freed 6 with a spherical pendulum. As is known, a spherical pendulum 
with sinusoidally excited support will deviate from its planar motion in 
the plane of excitation as soon as the excitation frequency approaches the 
natural frequency of the system. The linearized theory of such a para-
metrically excited system, however, can give only a rough representation 
2 
of the actual rotary sloshing motion of the liquid. It is able to predict 
only the general behavior of the motion. 
Since the phenomenon involves essentially non-linear effects, an 
extension of the theory of the spherical pendulum [7] involving non-
linear terms in the amplitude seemed logical, and it provided a fair ap-
proximation for the description of the liquid phenomenon. This non-linear 
analysis exhibits the same three types of motion as the liquid system. It 
also established [2] that the rotary motion arises as a consequence of a 
nonlinear coupling between liquid motion parallel and perpendicular to the 
plane of excitation, and that this coupling takes place through the free 
fluid surface waves. The results of these investigations exhibit clearly 
the liquid behavior in stable planar motion as to be that of a softening 
restoring characteristic, and that of a hardening characterisitc for non-
planar motion. Experimental data reveal that the predicted non-planar 
motion is in poor agreement with the experimental points. 
In the following, a mechanical model is derived which shall describe 
the motion of the liquid and the points of instability more accurately than 
all previous attempts. It consists of a mass having moment of inertia and 
rigidly attached to the container wall, and independently oscillating mass 
points for each vibration mode rolling on a guiding surface of parabo-
loidal shape. Each of these mass points is coupled with a non-linear 
spring capable of moving up and down the longitudinal axis of the con-
tainer, providing the necessary hardening effect for the rotary sloshing. 
The complete mechanical model is derived and compared with available ex-
perimental results. Finally the equations of motion of a space vehicle 
with the nonlinear mechanical model included are derived and presented. 
2. Derivation of the Mechanical Analogy  
The introduction of a nonlinear spring in the usual spring-mass 
system describing linearized sloshing cannot account for the rotary 
motion and a true description of the nonlinear effects of the liquid 
since these types of models would neglect the important vertical dis-
placement of the center of gravity of the liquid. Since the vertical 
shifting of the center of gravity of the liquid is significant for 
large amplitudes of the liquid surface, a pendulum performing large 
angular displacements would be a good first approximation for the des- 
cription of the liquid. It also shows a softening restoring characteris-
tic, thus behaving like the liquid in the container which exhibits a 
decrease of natural frequency with increasing wave amplitude for in-
creasing forcing frequency below the fundamental resonance. Although 
the spherical pendulum yields a region of unstable motion and a domain 
of rotary motion and has a behavior similar to the motion of the liquid, 
the predicted boundaries of instability are in rather poor agreement with 
experimental results. For this reason, the search for a more comprehensive 
mechanical model was performed. In the "design" of the mechanical model, 
two basic features had to be observed: 1) the mechanical model should 
exhibit basically the same features as the liquid, i.e. it should show the 
same region of softening response, unstable motion, and hardening rotary 
motion, and, 2) it should remain simple enough not to further complicate 
the equations of motion of a complete space vehicle. A sliding mass point 
on some guiding surface with an additional nonlinear spring attached to 
the mass should conform to the given requirements. Since the first 
sloshing mode plays the predominant role in circular cylindrical con-
tainers (the masses of higher modes are all below No of that of the first 
4 
sloshing mode) we concentrate on the description of the liquid in that 
particular vibration mode. 
The free fluid surface displacement as measured from the undisturbed 
liquid position is, for translatory excitation, given by 4 : 
7' 
(2. 1 ) 7(r,e,r)= 22 yo e illt cos e fr/a +2 ) 	r/aYe  
g/a 	 ' (en 	- 1)J1  (en ) (1 - in 2 ) 
where 2 is the forcing frequency, g the longitudinal acceleration, and xo 
 the forcing amplitude. The value T6 = WA is the ratio of forcing fre-
quency to the nth natural frequency of the liquid and a is the radius of 
the container. The expression en represents the zeros of the first deri-
vative of the Bessel function of first kind and first order (J 1 ' (en ) = 0; 
n = 1, 2, ...). Representing (r/a) as a Bessel-series (Dini-Series) 
r/a = 2 ) JJ (en r/a)  
/ 	i (en ' - 1) J1 (en ) 
and introducing it into the infinite series yields 
7(r,e,t) = 22
-
2 yo e int cos e 	(e. r/a)  
;77 / (en 2 - 1)Ji (en ) (1 - TO) — 
The square of the natural circular frequency is given by 
cub 2 = (g/a)en tanh (en h/a) 
Retaining only the predominant first mode, the free fluid surface shape 
becomes 
(2.2) = Xw Jl (el r/a) cos e 
•11 (el) 
where Xw = 2c22 1ine
iQt 
	 represents the fluid amplitude at 
g/a(e1 2 - 1)(1 - "r11 ) 
the wall of the container in the plane of excitation. From this the 
radial and vertical displacement of the center of gravity of the liquid 
is determined and yields 
a 27 h/2 
(2.3) r cg = 	 y 5 	r2 cos e dr d dx = a/he 1 2 74„, 
7a h 	° -h/2-3E 
and 
a 27 h/2 
N (2.4) xcg = :4 yo yo y 	xrdr de dx = - (e 2 •- 1) Xw2 
7a h 	 4 eTh 
where the integral relations 
a 
r2 J3 (el r/a)dr = a3 Ji(el ) 
2 
e l 
a so r J1 =1 r/a)dr = % a2 2 	(el 	- 1) J1 2 (e1 ) -2 
1 
have beer used. Both values rtg  and x cg are measured from the position 
of the center of gravity of the undisturbed liquid. Eliminating x
w 
from 





xcg 	-(C/2a )re g2 
(e.? -1)eTh 
where C = 	2a 
The liquid in the lower part of an oscillating container behaves 
like a rigid body, and only that part of the liquid which is in the proxi-
mity of the surface oscillates in a manner which is dependent on the forcing 
frequence. Therefore, the liquid system can be described by a non-sloshing 
mass with moment of inertia and rigidly connected to the container and a 
sloshing mass point which performs oscillations while constrained by a 
guiding paraboloid. This system, consisting of only a mass point con-
strained by a paraboloid, will exhibit free rotary motion at a single fre-
quency. No unique amplitude, however, can be determined. For this reason 
a nonlinear spring providing a restoring force proportional to some power of 
the radial displacement was introduced and provides the necessary "hardening" 
for the proper description of the rotary motion of the fluid. The slosh 
mass is attached to the spring, the other end of which is constrained to 
move frictionlessly up and down the center axis of the tank (Figure 1). 
2.1. Nonlinear Mechanical Slosh Model for Translatory Excitation  
In the following section we shall restrict our treatment to only the 
sloshing mass representing the first vibration mode of the liquid. The 
analytical model will be designed such that it will represent the same ef-
fect as the well known linear mechanical models for oscillations of small 
amplitude response. The sloshing part of the liquid may be represented by 
a liquid volume of height, h s , corresponding to the modal sloshing mass, m s . 
The ratio of the first modal sloshing mass, m
s
, to the total liquid mass, 
m, is equal to the ratio of the height of the sloshing part of the liquid, 
h s , to the total liquid height, h, i.e. [4]. 
(2.6) 	hs/h = ms /m = 2 tanh(e, h/a)  
el hia(€12 
The displacement of the center of gravity of the sloshing part of the 
liquid is, therefore, with (2.5) 
(2.7) 	rs = 	a 	Xw = (€1 2 - 1)Xw 
el 2 hs L el tanhtel h/a) 
and 
	
- ( e1 2 	1) 2 R 2 X
s 
= 	(e1 2 	2  
4e1 2 hs 8a el tanh (el h/a) 
which yield 
xs = - ( C s / 2a) rs2 
where C s = el tanh (el a—). We proceed now to the derivation of the 
equations of motion of the slosh mass. 
2.1.1. Equations of Motion  
The equations of motion are derived with the help of the Lagrange 
equation. The above described model subjected to a translational exci-
tation in y-direction is employed. Viscous damping is introduced by 
assuming that the mass point is subjected to a damping force proportional 
to its velocity relative to the paraboloid. 
The expression for the kinetic energy is given by 
• 	.2, , 	• 
T = 2111 5 L (Ys - 2 Yc cos 2 t) 2 + z s2 + x s J 
8 
or, by the introduction of the equation of constraint, 
(2.8) 	fs E Xs - Cs/2a (ys2 	zs2 )= 0 , 
the kinetic energy of the slosh mass yields 
• 
(2.9) 	T =[(y - Q ye cos 	t)2 + zs2 + C s2 (37s Ys + z z ) 2 ] s 	s 	 s s 
a 
The potential energy is given by 
r 







which yields, with the equation of constraint, (2.8) 
n 
(2.10) 	V = ms gCs (ys2 + z s2 ) + ks /2n (ys2 + z s- ) 
2a 
The first term is the gravitational potential while the last term repre-
sents the energy stored in the nonlinear spring of order (2n-1). 
The dissipation function is 
• 
D = 1;Es (xs2 + ys2 + z s2 ) 
and, with C
s 	
2m s w 
 s 
y s and the equation of constraint, becomes 
• • 
2 2 (2.11) 	D=mWy [y + zs 	cs
2 (ysys + z z ) 2 ] sss s 	 s s 
The introduction of these expressions into the Lagrange equation 
• 
d (a/aqi) - 6T/q i + 6D/6q i + 	 Qi 
dt 
9 
yields, with ql = ys and qQ = z
s , the equations of motion 
•• 	 •• 
Ys 	2wsYs[Ys
2t- 2 ky s ys+ys Z s Zs )] 	Cs2 EYS
2 y
S-1-37SS
2 Alls Z s Zs+ys Zs j • 21 
a a 
`Ys +zs ) 
	]Ys = 22 Yo cos 2t 
and 
zs + 2wsys [ s + C s2 (zs2 i s + z sys S7s )] + Cs [zs` z s + z s Z s2 + zsysYs 
-7- a 	 a2 
Zsys2  j 	Ws Ll 	
ks__T (Ys 	zs
2 ) n -1 • i 2r -_  
msws 
	 JZ 	= 0 
With the dimensionless quantities 
= kSa
2n....2 
.ns = Ys ' Cs 	zs , and as 
----r-- ' 
a 	a 	 m w s s 
the above equations of motion yield 
	
(2.12) 	7s + 2wsYs[i1s  + Cs2 (rls2 tS 	TISCSCS ) ] 	Cs2 	
2
TIS-I-TIS%2+T1sCSCS 
T1ss 2] 	ws2[ 1 	us(Tis k3 +cs2 )n-11, Pis = Ci'3 (yo/a)cos2t 
and 




 Cs1-71s%Cs)] -1-Cs 2 iCs2 Cs+CsCs2 +1-18 11sCs+ Hs
2 
 CsJ 
+ws2[ l + 	(11s 	cs
2 )n -1 i cs = 0 
•• 




These equations govern the motion of the slosh mass due to translatory 
excitation, yo cosOt of the system. 
Although the nonlinear spring contributes to the nonlinearity of the 
above equations, the principal nonlinear terms are those resulting from 
the vertical motion of the mass point. It can be seen that linearization 
of these equations yields the results of reference [4] (equation (54) ). 
The linearized equations are 




2 	= 0 s s C 2w Y 	ws Cs 
The first equation represents the motion of the slosh mass in the y-direction 
of excitation, while the second equation is the free oscillation equation 
in the z-direction (perpendicular to the excitation direction). As can be 
seen, the linearized equations are not coupled. 
Similar results can be obtained for a rotational excitation mode such 
as pitching or yawing. For pitching oscillations the velocity components 
of the mass point (Figure 2) are 
vx = xs + yscP 
Es 	xs)c) 
s 
The kinetic energy of the mass point during pitching excitation is then 
given by 
(2.14) 
• • c s (ys 2 +zs2);i2 • • 2 	13,s 	,g s so 4_ T = ms [[Cs  (ysys+z s zs ) - ysT] 
7— 
2a 	_1_4 2/ 
''S 
The potential energy yields 
V = mS  g[C (yS 2+zS 2 )coscp -i s (1 - costa) - ys sinm] + ks (ys
2+Z s2 ) ] 
2a 	 -217 
which, for small angular displacements, becomes 
(2.15) 	V = msg[C s (y s2 +zs2 )(1-21) - / s T2 -yscp] + ks (ys2 +z s2 ) n 
2 	2 	 "Zri 
Introducing these and the previous dissipation function into the Lagrange 
equation, nondimensionalizing, and neglecting higher order terms such as 
2 
co 	cc) o s ,  o s s 
m=cpt cos Qt, are 
, etc., the equations of motion for pitching excitations, 
	
(2.16) 	 • TIS-1-2WsYSCrls+C S.d(7s1S-1-7SCStS ) 1+C s 2 [7S 2 7S-1-7S 11S 2 4-7SCSCS -1-71SCS
2 
 ] 




+W S2 [ 1±CeS ( 7S2+CS2 )n 	CS = 0 
Again it can be seen that the linearized equations reduce to those of 
12 
reference [4], (equation (54) for pitching excitation. 
T1S +2WSYSTS+W S
2 
 T1S = Q2 iS 	cos Qt+g/a To cos Qt 
a 
and 
c s+2wsy55+ws 2 C s = 0 
are the linearized equations and exhibit no coupling. 
2.1.2. Solution of the Equations of Motion  
Of the various methods used in obtaining an approximate soluttion 
to a system of nonlinear differential equations the averaging procedure 
of Ritz seems to be the most appropriate one. 
2.1.2.1. Undamped Planar Motion  
If the liquid performs planar motion, i.e. if there is a stationary 
nodal line perpendicular to the direction of excitation, the coordinate 
C s can be set equal to zero. Therefore, an undamped motion ( y
s 
= 0), 
the equation of motion for translatory excitation reduces to 
D[1]s,t 	710_cs2p1s2',ns_vilsi1s2-1+ws2[144ysi-62n-2Tris_22 yo /a cos Sgt = 0 
An approximate solution of the steady state motion is given by 
(2.18) 	7.1s = A cos Qt , 
and, (with C2t =T), the Ritz condition, 
27 




2 	2 A 	 2n 2 ,, 
	
J o f-A 	cos T-m, s [ -A 	COS4 T+A;3 02COS
2 T sin Tj+ws [A cos2 T-FasA
2n-1
COS T] 
- 0.;° (Yo/a)cos2 TjdT = 0 
After evaluating the integrals with 
27 r 	COS2n T dT =  7(2n):  
22n- 1 (n!)2 
and 712 =02 	, the expression for the frequency response function is 
ws 
(2.19) 2n- 2 
A 1+01s 
A 	(2n)  
22n- 1 (1.1: y 
C s2 A3± yo /ar 
where the plus and minus signs in the denominator determine the response 
curve to the left and right of the backbone curve, respectively (in and 
out of phase with the excitation function). 	For a cubic spring, i.e. 
n = 2, the frequency response function is 
(2.20) 712 	Arl-q3/4)aSA2 ]  
A-qCsd A2 +(yo /a) 
while for a spring of fifth order (n = 3), the frequency response function 
yields the expression 
112 = Ar1±(5/8)aSA4 1  
FAC s2 A3 -1-(y
0
/a) 
The nondimensional spring constant, a s , must be determined. 
For purposes of comparison with experimental data, most of the cal-
culations were performed for the test tank used by Hutton [2] and for an 
14 
excitation amplitude, yo : 0.032 in. The tank has a radius a = 5.938 in., 
and a fluid depth, h = 8.907 in. With the use of equation (2.7) the fluid 
amplitude at the wall of the container was determined and graphed versus 
T1, 2 . Comparison with Hutton's test results reveals that a s should be about 
2/3 for the cubic spring and about 6.5 for the fifth order spring. 
The response curves for planar motion are shown in figure (3) using 
the above values for a
s
. The dashed line represents the response function 
of the linearized fluid theory while the dotted line is the backbone curve 
of the model with a spring of fifth order. The results of the pendulum 
are also indicated as the dash-dotten line and exhibit a noticeable 
deviation. 
A better approximation can be achieved by including an additional 
term in the assumed approximate solution, i.e. employing a more-term-
approximation of the form 
71 s = A cos Qt + B cos 32t 
With this assumption the Ritz conditions for the determination of the un-
knowns A and B are 
27 — 
D[I1 s ,T]COS T dT = 0 
2, _ 
S DET1 s ,,i00. 3T dT = 0 0 
and yield two simultaneous nonlinear algebraic equations in A and B. For 
n = 2, i.e. a cubic nonlinear spring, the resulting equations are 
so 
and 
A (1/11 2 -1) - Cs2[AA3+(3/2)A2B+5AB2]+as [(3/4)A 3 +(3/4)A2 B+(3/2)AB2 ] = y0 /a 
15 
and 
B(1/TI'd -9) - Cs2 EA3+5A2 B+(9/2)B2 1+s RA3 +(3/2)A2 B+(3/4)B3 ] = 0 
These nonlinear algebraic equations for A and B as functions of 7' were 
solved by the Newton-Raphson method. The resulting solutions indicated 
that the maximum magnitude of B is less than rz of the value of A over 
the frequency range 0.5 < 112 < 1.4. From this we can conclude that the 
harmonic solution represents a very good approximation and definitely 
provides an acceptable degree of accuracy. This further substantiated 
by a comparison with the response wave form obtained with an analog com-
puter (see figure 4). 
2.1.2.2. Undamped Nonplanar Motion  
As has been mentioned previously, for a narrow exciting frequency 
range that extends slightly above the linear resonance the liquid exhibits 
a motion which is characterized by a steady rotation of the nodal diameter 
of the fluid surface. This is a stable nonplanar motion which is also 
termed "rotary sloshing: 	In this case the perpendicular coordinate c is 
no longer zero, and the coupled equations (2.12) and (2.13) must be solved 
simultaneously. For undamped nonplanar motion, the damping factor Ys : 0. 
Again the Ritz Averaging Method is employed for the solution of this system 
of two coupled nonlinear equations 
" 	




 )ThS S2  
(yo /a) cos ct = 0 
and 
r 	' 2+r 	+r 1.1 1 1-Ws 2 [ 1-Kt' s(7s21- Cs2 )]cs = D2  [71 ,C ,t1 = s+C s 2  LCs 'sCs 	•s -•Is s 	s2 - 2 's -s  0 
With an ssumed approximate solution 
(2.21) 
	
,ns = A cos Qt 
C s = E sin Qt 
the Ritz conditions 
9r 
Di [T1 SQS , 	, T] .cos T dT = 0 
and 
27 
- - r 	D2  [7 S CS  ,T]'sin T dT = 0 
yield the system of simultaneous, nonlinear algebraic equations 
n-1 (n1 	27 
(2.22) -A112 -C s2 A72 [A2 -E2 ]+A[l+as E 	
x.  A2xE2n-2X-211 cos2n4-21-sin2n-2X-2T 
—7— 	 7 A=1 0 
= r2 (y0 /a) 
(2.23) -E -Ti2 +'s
2 
 E72 [Ad -E2 ]+E[l+a's E 	x 	E2n -2X -2t1 cos2 X-rsin2 ' -2 XT dT] 
2 	 7 =1 
n-1 n-D 27 
=0 , 
in- 
where t 	is the binomial coefficient defined by 
	
(11- 1) 	(n-1) (n-2)...(n-X) 	_ 
A , X! 	 X! (n-X-1)1 
With the 'ollowing results for the integrals which occur: 
2n- 2A-2 dT
T sin 	= 




sin2n_2x T dT = r cos2x, 	 17(2x-1):(2n-22„-1):  
Jo 	
2 	n. 
2n-3 	(1-) (n-X-1) - 
the algebraic equations (2.22) and (2.23) yield 
n-1 
(2.24) -A1-12 -CtA72 [A2 -E2 ]+A[l+as E (n-1):7(2X+1): A2XE2n -2X-2 (2n-2x-3)  
	
2 	 X=1 (X:) 2 (n-X-1): 	 2 11-3 n:(n-X-2): 
and 
n-1 
(2.25) -E72 +C s2 ET12 [A2 -E2 1+E[1+us E (n- 1):7(2X - 1):  A2X E2n-2X-2 - (2n- 2X - 1):  
2 	 X=1 X:[(n- X - 1):12 	 2
2n 	( x _ i ): 
For n = 2, i.e. a spring of third order, these equations yield the expressions 
-A11 2 -C s2 AT2 [A2 -E2 1+A[1+3 asA2+1 a5E2 1 = TI2 (yo /a) 
2 
	 4 	4 
-E72+c s2 E112 [A2 -E2 ]+E[1+3 asE2 +1 asA2 1 = 0 
4 
These equations may be combined to yield 
(2.26) 
	
E2 = A2 	712 (y0 /a)  
A(C s2 T1 2 -1 as ) 
2 
and 
(2.27) C s2 (2A+ yo /a)114 -oes [A+3(Yo /a) + 2Cs2 A(l+asA2 )172 +asA(1+asA2 ) = 0 
2 	 as 
The last equation will provide the amplitude - frequency relation in the 
y-direction, while equation (2.26) yields, with the obtained A = A(7) the 
response amplitude E = E(7) in the z-direction. 
The response for the rotary motion of the liquid with a fifth order 
spring is obtained from equations (2.24) and (2.25) for n 	3. These 
2 
18 
nonlinear algebraic equations, 
-W-3/4C s 2 1T2 A[A2-E2 1 -FA11-Fas (5/8 A4+ 3, A2 E2 + 1/8 E4 )] = T12 yo /a 
and 
-E71 2 +1/2C s 2 7 2 ELA2 -E'l+E[1+us (5 /8 E4 +140E2 +1/8 A4 )] = 0 
have to be solved for the response functions A(1) and E(19. For a third 
order spring and an a s of 2/3 the rotary response is given in figures5a 
and b. Figure 5a shows the fluid amplitude in the direction of excitation, 
while figure 5b presents those in perpendicular direction. In figure 6 
the nonplanar response is also shown and exhibits good agreement with 
the experimental results. The backbone curve for the rotary response with 
the fifth order spring is shown in the same figure for comparison (dotted 
line), and indicates that better agreement can be obtained with the third 
order spring. The results for the spherical pendulum as a mechanical 
slosh model are indicated by the dashed line. The pendulum clearly ex-
hibits too much "hardening" for an accurate representation of the rotary 
fluid motion. 
2.1.2.3. Damped Planar Motion  
The damped planar response is readily obtained by the solution of 
the nonlinear differential equation (2.12) which contains the damping 
term 
2ws"Ys Lri s+Cs2  Ti sl s
2  j 
and a third order spring (n = 2). This equation again is treated with 
19 
the Ritz Averaging Method by assuming an approximate solution of the 
form 
(2.28) 	 7s = A cos (2t+*) 
where fr is the phase of the motion relative to the excitation function. 
The Ritz conditions 
217 _ 




yo D[Ts ,T]sin T dT = 
yield the equations 
112 (yo /a)cos cp = -'p 2A(1+2C s2 A2 )+A(1+3/4 cesA2 ) 
and 
72 (y0 /a)sin cp = -27-ly sA(1+4C s :d A2 ) 
The damped frequency response is therefore determined from these equations, 
which yield for the phase angle, fr 
	
(2.29) 	tan * = 27ys (1+3/4C s 2A2 )  
72 (1A-C s2A2 )+(1+3/4 asA2 ) 
and, for the damped frequency response, the equation 
(2.30) 	74 [A2 (1AC s2A2 ) 2 -(yo /a) 2 1-72 [2A2 (1+3/4 asA2 )(1A-C s2 A2 ) 
-4)/s2 A2 (1+3/4C s2A2 ) 2 1+A2 (1+3/4 asA2 ) 2 = 0 
20 
From this one obtains for 7 2 the expression: 
11 2 = A2 (1+3/4 asA2 )(1+1/2C s2 A2 )- 2ys:8A2(1+4C s2A2)2 
A2 (1+1/2C s2A2 ) 2 -(yo /a) 2 
+ ' A2 (1+3/4 asA2 )(11-AC s2A2 
)(yo /a) 
)-2ys2A2 (1+4C s 2A2 ) 2 2 + A2 (1+3/4 usA2).2 	
-51 [ 
	 A2 (1+ 1/2C s 2 A2 2 - 	2 , 
(yo 	ia) 2 _A2 (i_qcs2 A2 )2 
For zero damping (ys=0 ) the planar undamped response (2.20) is obtained. 
rt3 For a nonlinear spring of order (2n-1) the terms (1 +  a sA2 ) would have 
to be substituted by 1+as (2n): 	A
2n
-2 The phase angle 111 therefore 
22n-1 (n.1)2 
would yield the expression 
tan i = 27ys (1+ 1442 ) 
72 (1+1/2C s 2A')+ lfas (2n)!An m2  
22n-1 (n :)2 
and m2 would be 
(2n)!  
-2 = A2 (1+as 2 n-1 (n!) A2 n .. 2 )( 1_qcs2 A2)_ 2ys2A2( 1+4cs2 A2)2 
	
A2 (1+1/20 s2 	A2 )2 _ ( yo / a) 2 
(2n)!  
+{[A2 (14.as 22n-1(n!)' 2n-2 )(1+1/20s2A2)- 2ys22(1+4cs2A2)2 12  
A2 (1+1/2C s 2A2 ) 2 -(yo /a) 2 
(2n)!A211  _2 
+ A2 li-as 22n -1  (n!)' 	1 2 
(yo /a)2 	(1+2cs 2A2 )2 5 
2.2.2.4. Damped Nonplanar Motion  
The damped nonplanar response of the model can be obtained by ap-
plying the Ritz Averaging Method to the two nonlinear differential 
equations D1 L7 	 and D2 [7 s ,Cs ,t] s ,Cs ,t1 	 which contain here an addi- 
tional damping term each. This damping term is for the first equation 
21 
in the form of 
2wsys[11s+cs2 (r1s 2 lis+11 s c s s)] 
and for the second differential equation describing the motion in 
z-direction the damping term is 
2 ws1's[s+cs 2 ( 5 s2 s4-7sTsCs )] 
An assumption of an approximate solution of the form 
(2.31) 	Ts = A cos Ut + B sin at 
Cs = D cos Qt + E sin Ut 
yields, with T = Ot 	, the Ritz conditions 
2r1 	 27 
— — 
J o Di[7 s ,Cs ,T]COS T dT = 0 , T dT = 0 , 
0 
27 
COS T d T = D2[15ss'T] 	 - o , and 0 
27 
JO D201s,t-s,T1sin T dT = 0 
from which, by introduction of the approximate solution, four simultaneous 
nonlinear algebraic equations for the determination of A, B, D, and E are 
obtained. For n = 2, i.e. a cubic spring the algebraic equations are 
(2.32) -Tl'A+21lysB+72 C s 2 (- 3g1.2 -AB2 - 2-AD2 +1/2AE 2 -BDE)+Tys C s 2 (A'B+B3 -BD2+2EAD+BE) 
2 
+[A+3/4 a(A3 +AB2 )+ku(3AD2 +AE2+2BDE)1-72 (yo /a) = 0 
(2.33) -12 B-21-N s A+12 C s2 (-'-g3 -1/2A2 B+BD-1/2BE 2 -ADE)-11 ,y s Cs2 (A3+AB2 +AD2 +2BDE 
2 
-E2A)+[B+3/4 a(e+A2 B)+4u(2ADE+BD2 +3BE2 )] = 0 
(2.34) -12 D+27,y sE+72 C s2 (-W-1/2DE 2 -DA2 +-10B2 -EAB)+Tlys C s2 (E 2 +D2 E-EA2 +2BDA 
2 
+EB2 )+[D+3/4 u(D3 +DE2 )+4a(3DA2+DB2+2EAB)] = 0 
(2.35) -11 2E-27ys D+TI2 C s2 (-1/2E 3 -DE+1/2EA2 -1/2EB2 -DAB)-I1y s Cs 2 (D2 1-DE2+DA2 +2EAB 
2 
-B2 D)+[E+3/4 a(E2 +D2 E)+kcy(2DAB+EA2+3EB2 )] = 0 
The solution of this system may be accomplished with the Newton-Raphson 
Method, using the undamped rotary response as a starting point for the 
iteration procedure. This was performed, but no new aspects entered into 
the results. 
For pitching excitation the solution procedure of the equations of 
motion is identical to that performed above. Their derivation is ther-
fore omitted and only the main results are presented here. No experi-
mental data for nonlinear pitching oscillations are available, but it 
can be expected that the model will describe the motion of the liquid due 
to pitching motion as has been seen and checked for linear models. 
23 
The undamped planar response is given by the expression 
7 s = A cos Q t 
	
Es 	0 
and yields for a cubic spring 
112 = A(1+3/4 aA2)-(To/Cs)  
A+kCs2A2+To (c/a) 
The undamped nonplanar response is given for n = 2 by 
C s2 [2A+To (,es /a)]14 -a[A+3/2 To ()s /a)+2Cs2 A(1+,0A2)-Cs 00112 
a 	 a 
+a[A(l+oA2 )-3/2 (To /a)] = 0 
and 
E2 = A2 + (1' ..e s / a + 1/Cs ) To /A 
Cs2 72- a 
2.2. Stability Analysis of Undamped Planar and Nonplanar Motion  
The determination of the character of the solutions of (2.12) and 
(2.13) in the neighborhood of linear resonance requires an analysis of 
the stability of these solutions with respect to small perturbations. A 
stability analysis which is not restricted to small excitation ampli-
tudes and frequencies of excitation in the neighborhood of linear reson-
ance leads to rather lengthy and cumbersome calculations and stability 
polynomials of eighth order. However, the method of analysis employed 
by Miles [7] and Hutton [2] is readily adaptable to the model equations, 
and yields a considerably less complicated analysis than results from 
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other methods. This method takes advantage of the fact that unstable 
motions occur in the neighborhood of linear resonance, and yields a sta-
bility polynomial of fourth order. 
In the following analysis, it is convenient to introduce the para-
meters e, v, and T given by 
(2.36) 	e = yo /a , v = e-2 / 3 (112 -1) , and T = ke 2 / 3Qt 
Thus, e, v, and T are excitation, frequency, and time parameters, respec-
tively. It is assumed [7] that In the neighborhood of r = 1, the ampli-
tudes of T s and Cs are of order e l /a  , 112 = 1 + 0(e4:3 ) and that terms 
of 0(e5 /3 ) may be neglected. 
With these assumptions, the solution to equations (2.12) and (2.13) 
is taken in the form 
(2.37) 91 s = e 1 /3 [fl (T) cos Q t + f2 (T)sin Q t] 
and 
(2.38) 7s = 6 1 /3 [0T) cos Q t + g2 (T) sin C2 t] 
On substituting (2.37) and (2.38) into the differential euqations 
(2.12) and (2.13) and collecting coefficients of cos QT and sin DT , the 
following four first order differential equations are obtained: 
(2.39a) f2 = 	fi ÷Cs2 [41 3 +f 1 42 	gi 2 +2 f2 	]-4[341±341 f2 ± 341 gi 
2 
+ fig2 2 +2 f2g1g2 ] 
(2.39b) fl = -vf2 -C 82 Ef1 2 f2 +f2 3 -f2 g1 2+f2 g2 2+2f1 g1 g2 1+2[3f1 2 f2+3f2 3 +2f1 g1 g2 
 2 	 4 
±f2g1 2±3 f2g2 2 ] 
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(2.39c) g2 ' = vg1 +C s'Ig1 +gl g2 2 +g1 f1 2 -g1 f2 2 +2g2 f1 f2 j-a[3g1 3 +3g1 g2 2 
2 	 4 
+3g1 f12+2g1 f2 2 +2 g2 11 f2] 
(2.39d) gl i = - vg2 - Cs2 rg1 2 g2 -Fg2 6- g2f1 2 ±g2f2 2 +2g1fi f2Ifa[3 g1 2 g2+3g23 
4 
+2 gi fl f2 +g2 fi 2 +3g2 f2 2 ] 
Prime indicates differentiation with respect to T. 
Steady-state amplitude-frequency relations are determined from 
equations (2.39) with fl '=f2 '=g1 '=g2 ' = 	 . For planar motion, the 
steady-state response is assumed in the form 
(2.40) 	 7s = €1/3T cos Ut ' Cs 	
0 
On substitution fl (T) = f , f2 (T) = g1 (T) = g2 (T) = Ointo equations 
(2.39), only the first equation is not identically satisfied, and yields 
the amplitude frequency relation 
(2.41) 	 v = - 1/f - 1/2 (C s2 - 3/2 e) 72 
The planar response given by equations (2.20) and (2.41) can be com-
pared on substituting relations (2.36) and 
1/112 = 1 - 62 /3 v + 0(e
4/3 ) 
into equation (2.41), yielding 
(2.42) 1.1 2 = A 
  
A+1-2- C s'A3 +yo /a - 3/4 a A3 
with 	
A = el /3  
Therefore, the amplitude frequency relation obtained with the Ritz 
Averaging procedure and equation (2.42) are approximately equivalent in 
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the neighborhood of resonance. In order to investigate the stability 
of the steady-state solution given by equations (2.40) and (2.41), a per-
turbation of the steady-state amplitudes, 
(2.43) 
	
f l (T) = f 	
XT 
f2 (T) = c2 e X T 
(T) = c3 
e
) 
f4(T) = c4e XT 
was assumed, where terms of 0(ci2 ) 	are negligible. Substitution of 
equations (2.43) into equations (2.39) yields the following homogeneous 
equation in the coefficients c i : 
[ v+3(C 5 2 -302)72 1C1 	-X.C2 	 0 	 0 
2 	2 
-[v+1/2(c s 2 -3a) ]c 	0 	 0 	= 0 
2 
0 	 0 	[v+1/2(C 2 -3u)?1C3 	-X.C4 	= 0 
s 2 
0 	 0 	 -XC3 	- [v.-, (c s 2 +c))T2 	= 0 
On setting the determinant of the coefficients equal to zero, the fourth 
order polynomial in X, 
D2 -Fa , 
is obtained, where 
= [v - (C 5 2 /2 + 4ci)72 ][v + (C 52 /2 - 3/4a)P1 




The regions of unstable planar motion are those portions of the 
planar response (2.41) for which x is real, i.e. Q < 0 or p2  < O. H'  
Substituting equation (2.41) into the expressions for (5 1 and [3 2 shows 
that planar motion is unstable if 
(2.44) 	f3 > 	1 	or 	f3 < - 	1  
C s 2 -3/2a C s2 - 1/210/ 
The stability boundaries are determined by 
71,3 = 	  
C s2 - 3/2 a 
and f 	=- 	1  
Cs 2 - 2 a 
yielding 
(2.45) 7L3 = Ynia 	 
C s2 - 3/2 a 
and - Yria  
C s2 - z a 
where 7 1, and 	indicate the stability boundaries below and above 
linear resonance, respectively. The corresponding frequencies follow 
from equation (2.41). 
Figure (3) shows the stable and unstable portions of the planar res-
ponse and the corresponding stability boundaries as determined by relations 
(2.44) and (2.45). 
Equations (2.37) and (2.38) with f l (T)=7, g2 (T)=g 
represent the steady-state nonplanar motion, 
1.1 	= e1/3 (2.46) s 
	f cos Qt 
— Cs = e1 /3 g sin Qt 
and f2 (T)=g1(T)=0 
Equations(2.39b) and (2.39c) are satisfied identically, and equation (2.39a) 
and (2.39d) become 
1 + v7 + C s /2 7 (7-7) - a/4 (373+7 g) = 0 
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a (3g3 + 72 2) = 
4 
These equations combine to give 
(2.47) = a f2 - (C2 - 3,2 a) 1 




= f + 	2 	1 
2Cs2 - a f 
Equation (2.47) relates the amplitude and frequency of the motion in the 
plane of excitation, while equation (2.48) determines the amplitude in 
the direction perpendicular to the excitation plane. These equations 
agree well with equations (2.26) and (2.27) in the neighborhood of 
resonance. 
The perturbation of the steady-state nonplanar solution was assumed 
in the form 
fl (T) = f 	cl e
XT 	
f2 (T) = c2 eXT 
gl (T) = C2 eXT 
	
g2 (T) =g 	c4 eXT 
and on substitution into equations (2.39) yields the following four homo-
geneous equations in the coefficients c i . 
Ev + C s 2 (3f2 - g2 ) - a (972 + ?)ici 	- Xc2 	-(C 52 + 	c4 = 0 
	
—2— 	 4 	 2 
xci 	Lv 	c2 (f2 +—g2) - 3/4 a (7 + e)ic2 	(C s2 - a)7 c3 = 0 
2 
(c s2 - co7 g c2 	+ 	+ c s 2 (f2 + ?) - 3/4 a (f2 + e) ]c3 -Xc4 = 0 




(C 52 + a)7 
2 




Setting the determinant of the coefficients of the c. equal to zero 
yields the equation 
(2.49) 
	
X4 +p x2 + q = 0 
where 
p = [2v + (C s2 - 5/2 a)(72 + ?) -1[v + (C s2 - 3/4 a)(72 	g2 )] 




q = 	C s2 (3f2 g2 ) - a (9f2 + ?)][v + C s2 (372 	g2 ) 	a(972 + ?)] 
2 	 4 	 2 	 4 
- (C s2 + a) 27 .2 1 
2 
•f[v + 1/2(C s 2 - 3/2 a)(72 + ?)1 2 - (Cs2 - a/ 2 ) 272 ?1 
with equations (2.47) and (2.48), p and q become 
(2.50) 	p = 4(C 52 - a/2) 2 f4 + 2C 52 
and 
(2.51) q = 4a(C 52 -a/2) 275 +(C s 2 +5/2 a)(C 52- a)72 +1iT (C 52- 3/2 ci) 
The unstable portions of the nonplanar response are those parts for 
which Re(X)>0. Therefore, the nonplanar response will be unstable 
if p < 0, q < 0, or p 2 < 4q. The minimum amplitude at which stable 
nonplanar motion can occur is given by the stability boundary p 2 = 4q. 
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With equation (2.50) and (2.51), this condition yields the polynomial 
	
(2.52) 	4(Cs2 - a/2) 479 + 4(c s2 - ,a)(c s2 - a/2) 276 +or(3c s2 -5/4 a)72 
 - (Cs 2 - 3/2 a) = 0 
The one positive root of equation (2.52) corresponds to the minimum 
stable nonplanar amplitude. The corresponding amplitudes of Ts and s 
are determined from the relations 
(2.53) 	= ( y0 /01/3 f cos at 	cs = (yo /a)1/3 g sin Dt 
where f and g are related by equation (2.48). 
Figures (5a) and (5b) show the nonplanar response amplitudes in the 
plane of excitation and in the direction perpendicular to the excitation 
plane, respectively. The regions of stable and unstable motion and the 
stability boundaries are indicated. 
The stability analysis for the pitching case is identical to the 
above if the definition for e is0s/a and the equations (2.16) and 
(2.17) are used. If the term 1/C s (a/C, is added to the right-hand side 
of equation (2.39a) the corresponding equations for the pitching case 
result. 
The relation between v and f for the planar motion due to pitching 
is 
v = - 1 + 1/C (ah, ) - 	- 3/2 a) f2 
T 
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For the nonplanar pitching response, the following relations are obtained: 
= a f2 - (c s2 - 3/2 a) [1 + 1/C s (a/i, )1 1/f 
2C s2 - a 
and 
g2 = f2 + 	+ 1/C s (a/is )1 1/f 
C s 'd - a/2 
If these equations are substituted into [B i and fe, 2 for the translational 
case, the stability boundaries of the response due to pitching excitation 
may be determined. The resulting expression for the planar stability 
boundaries are: 
f1 3 = 1 + 1/C 5 (a/k ) and fR = - 1 + 1/C s (a/J, ) 
     
C s2 - 3/2 a 	 Cs2 - 1/2 a 
and the corresponding amplitude of ,Ts is determined from the planar 
response, 
= ((Po 
1 /3  s /a) 	f cos Sgt 
2.3. Comparison with Spherical Pendulum  
The results obtained by Miles [7] for the response and stability 
boundaries of a spherical pendulum subjected to harmonic excitation of 
the point of suspension were compared with the results of the paraboloid 
model. On choosing the pendulum length as 
g wl 2 
where wi is the first mode frequency of the fluid, and with e = Yoja, 
the pendulum planar solution becomes 
s 
= ,,e/a sin a cos Qt 
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where a is related to the excitation frequency by 
112 = 1 '• yo /a - 1/8 ok 
a 
The stability boundaries for the planar motion are: 
aL = (Yo/a)1/3 243 
	
and 	aR = (Yo/a) 1/3 (4/3) 1/3 
The nonplanar solution is 
is 	a sin a cos Dt 	and 	r= -k /a sin 	sin Qt 
where 
72 = 1 - 1/6 yo /a + z a2 
a 
and 
$2 = e + 4/3 Yo/ a 
a 
Figure (7) shows the results of planar response calculations for 
the pendulum and the paraboloid models, experimental data, and the re-
sults of linear fluid theory. Equation (2.7) was used in relating the 
displacement of the pendulum and the fluid amplitudes. Although the 
paraboloid and pendulum models agree closely for small amplitudes, the 
amplitudes of the stability boundary below resonance are significantly 
different. This is partly due to the fact that the relation of the hori-
zontal and vertical displacement of the pendulum mass is not a pure qua-
dratic one as in the liquid and the previously derived model. 	The 
results for the nonplanar response of the two models are compared in 
figure (6). It is clear that the pendulum predicts con. iderably smaller 
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nonplanar amplitudes than those predicted by the paraboloid model. 
3. Derivation of the Nonlinear Mechanical Model of the total Liquid  
System.  
The analytical mechanical analogy is designed in such a fashion 
that it describes the observed nonlinear phenomena and presents the 
results of the linear model in a limit consideration for small ampli-
tudes. 
The liquid in the lower part of the container follows the motion 
like a rigid body, and is chosen to have a mass m
o 
and a moment of 
inertia I
o
. The sloshing masses are denoted by m
n 
and the spring 
stiffnesses by kn . The nonsloshing mass m o is rigidly connected at 
a height ho below the center of gravity of the quiescent liquid. To 
make the mechanical model equivalent to the fluid system, the sum of 







/ , n 
n=1 
For pitching or yawing excitation about the origin, not all of the fluid 
participates in the motion, but a part remains completely at rest. For 
this reason a frictionlessly mounted, massless sphere with a moment of 
inertia, I,, has been introduced at the center of gravity of the quiescent 
liquid. 
Assuming that the sloshing masses are subjected to a damping force 
proportional to their velocity relative to the paraboloid, the dissipation 
function for the n
th 
sloshing mass point is 










. In addition, a damper is introduced with damping 
coefficients C s1 and c 	between the sphere and the container bottom. The 
reason for this is the fact that for rotational excitation of a viscous 
liquid, more fluid participates in the motion than for frictionless liquid. 
The equations of motion of the mechanical model are now derived with 
the help of the Lagrange equations. For this reason one determines the 
kinetic and potential energy as well as the dissipation function of the 






as the displacement of the n
th 
sloshing mass, 	, with respect to the container, with y(t) the tank 
displacement in y-direction, with o the rotation about the z-axis and 
with *1 and *2 the rotation angle in perpendicular directions of the 
sphere with respect to the container bottom, the kinetic energy is given 
by: 
mo 
(3.2) 	T = —2 (S7-h06)2 +1 62 + s
[(c.p + 	)2 + 	+ 
o' 
mn  LL(37n + 	ST) + (hn -xn ) (1)] 2 1- Z2 	[Xn+yns'orj 
n=1 
The first two terms represents the kinetic energy of the nonsloshing mass, 
mo , which, is regidly connected with the tank. The second term is the 
kinetic energy of the sphere, while the series describes the kinetic energy 
of the sloshing mass points. It may be remarked here that the pitching 
motion T(t) was assumed to exhibit small angles y such that cos y — 1 and 
sin w 2;T. 
The dissipation function is with Csi 	CS2 give by 
CO 








) + C V2) 
n-1 
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where the infinite series represents the contribution of the damping 
of the sloshing masses m
n 
and the last term is due to the dampers c 
 
between sphere and container bottom. 
The potential energy is composed of the lifting of the sloshing and 




(3.4) 	V = T gho 
T2 h -xn ) T2 -gcto m_
H







 (y2 + z2 )2 
n:1 
The first term represents the potential energy due to the lifting of the 
nonsloshing mass, mo , during rotation p(t), while the second, third, and 
fourth term describe the same fact for the sloshing masses. The last 
term represents the accumulated energy in the springs. The coordinates 
y, cP, 	Yn zn 
, and x
n 
are related by one equation of constraint, 
which expresses that the mass point mn has to move on a paraboloid. 




f x + Te (y2 + 	) = o 
n 	nn n 
ce was found to be 
n 
  






Defining a Lagrange function L* , such that it is 
L* = L - Xf 
and L being the Lagrange L = T-V and X a Lagrange multiplier, the 
equations of motion can be derived with the Lagrange equation 
d ( dL* 	61,* 4_ 6D - n 
dt ` Uq7; )- aqv Ti - v 
where D is the dissipation function and Q
v 
are the forces with respect 
to the coordinates qv . 	Another method for the derivation of the equations 
of motion from the Lagrange Equation is based on the generalized coordi-
nates qv which are, by elimination'of the equation of constraint, made 
independent of each other. The kinetic energy and dissipation function in 
these generalized coordinates are: 
CO 









mo —2 (3.7) 	T = 	(Y -hoop 2 + 	0  c'pz + ZI [(c.p + 	)2 + 2  + 
n=i n 




. 	 S 	• 	2 
2 	(2Un (yn yn + 	zn) )2  ] +TT 01 2 + *2 ) n 
The potential energy is given by 
CO 	 OD 
	
m
o 	 _ 
(3.9) 	V= -2-- ghocp2  - 2 (1) 	m[h +Ce(y2 +22 )] -gcjo . 2 nnnnn   n Yn 




 (y2 +2n )2 + 	m n  gTe (y2n  + z2n ) , n 1 
n=1 	 n=1 
The equations of motion are derived from the Lagrange equations 
(3.10) 	( T 	ap -T 
	av 
dt aqv aqv 	aqv aqv 	v 
where the generalized coordinates q v are y, y, *1, *23 Yn and z ri)and 
Q
Y 




 : 41 , Q 
I 
: Q = 0 and Qyn = Q zn = 0 are the generalized  *2 
forces. The equations of motion are then 
CO 
(3.11) m0 ( .3 -1100 	) mn 
2 nc1) On Yn 	zn )1 = -Fy 
37 
(3.12) (m h`0 	o 	o o h2 
+ I )C. -m h Y + I(+) +2 m '3'7[11 + 7 (y2 + z2 )1+ mn.3.7n [lin + nnnnn- 	 
n=i 	 n=1 co 
+ 7 (? +y2 )] - 	m z 	Y z + cp 	[2h 7 (y2+z2)+ 7''(y2
7''(y2+ z2 )2 
n n n 
u 
, n n nn n __, n n n n n 	n n n 
n=1 n=1 
-,  _ 	 — • 
+h2 + y2 1+ 	mun[2(y2 + z
2
) a CO+ 2hncp. + 37] • [S7n
yn +z n
zn] n n 	n- n 	n 	n . 
n=1 
CO 




(yn +zn  )+ 2 mnynyny 









(3.13) 	I s (V1 + CP) + C s4c= 
 0 
(3.14) 	Is.11 2 	C sif2 = 0 
(3.15) 	y + yn + hn + 4y(37?n  + Z2 nyn + n zn ) 
C 
r 	 • \ 
J 
n 
L z , m n + 	Y  n(Y nYn + z n n 
+ n yn (4 + z2n) -g y + 2angyn : 0 
m n 
n = (1, 2, ....) 




 n 	n 
z n) 
n n  




 n zn 




y + znzn) + k  zn n 
 (y2 	z2 ) nn
mn 	 mn 
+ 2un g zn 
= 0 
(n = 1, 2, ....) 
The first equation is the force equation, and it was obtained with the 
generalized coordinate y. The second equation ) as obtained with the genera-
lized coordinate y l is the moment equation, while the third and fourth 
equation represent the equation of motion of the sphere and were obtained 
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with the generalized coordinates * 1 and 1 -21 respectively. The last two 
equations are the sloshing equations in y and z-direction and are ob-





the Lagrange equation. 
Linearization of this sy s tem yields the equations of motion of the 
linear model which agrees with the result of the linear model equations (3) 
through 04) of Reference [4]. They are: 
	
(3.17) 	m (y-h f3.) 	mnon 	y 	-Fy o 	o 
(3.18) 	(m h2 + I o ) 	+ I s 	+ V' ) + 	m h (Y + h Cf5) - g 	m Y o o 	 n n n 	n 	 n. n 
n:1 	 11.4 
CC 
+( . 7 -gip) 	mnhn-moho ] = 
n=1 
(3.19) 	 I s 	+ C15) + c s l'h = 0 
(3.20) 	 I s 12 	C s  *2 - 0 
y 
cn 















n + — 	+ 2a
- 
gz = 0 n m n 	n n 
n 
(n = 1, 2, ...) 
(n = 1, 2, ...) 
It can be seen that (by observing equation (3.6) ) these equations 
egree exactly with the linear spring-mass-model of Reference [4]. In the 
linearized moment equation the expression 
m 




which expresses that the mass center of the liquid shifts. only horizontally. 
The slosh equation (3.21) describes the motion of the model mass in 
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y-direction, while equation (3.22) represents the free oscillation 
equation in z-direction. (Figure 9). In the linearized form there is no 
coupling between these motions. 
4. Equivalent linearization of the nonlinear mechanical model  
For the introduction of the nonlinear effects of the mechanical an-
alogy into the linearized equations of motion of the space vehicle an 
equivalent linear system is of advantage in order to preserve the powerful 
methods for the solution of linear systems of differential equations. The 
nonlinear equations of the propellant sloshing model should therefore be 
described by equivalent linear ones which exhibit both linear restoring 
characteristic and linear damping. We must expect, of course, that the 
equivalent damping coefficient and equivalent spring constant are de-
pending on the amplitude of the motion. 
Since due to symmetry the equations of motion of a space vehicle are 
usually treated for a motion of the vehicle in a plane, we restrict our-
selves to the planar motion of the liquid in such a plane. The equation of 
motion of the nth Sloshing mass is therefore for translational excitation 
(4.1) 	mnS.'n 
+ cnn(1 + 4U2 y2
n  ) + k y3 
 + k onyn 	n 
+ 4ifm
n  (37n  ST2 + 372n.57n  ) = -Y• mn n 	n 	 n  
where k n  im n = w
2 represents the square of the linear circular natural o 














the equivalent damping coefficient 	and the equivalent spring stiff- 
ness n . This is performed by considering the energy dissipation of the 
_ • system. The energy dissipated over a period by the damping force c
nyn 
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must equal that of the damping force cnn 
(1 + 4-ig-3 y2 ). It is therefore n n 
with yn = Ysin 	-or) the dissipated energy of the equivalent linear 
damper 
(4.3) 	 E 
T D = c_ jr, 572 dt = 	y2c-rr 
" o 
while the energy of the nonlinear system is 
T 
(4.4) E 	,2 (1 + 4U' 2 D = c n 	
y
n 	
y ) dt = c D7Y2 [1 + 7:1/2 Y2 ] 
n n 
0 
The equivalent damping factor is therefore obtained by setting these 
dissipated energies equal and yields the expression -En for the equivalent 
linear damping coefficient: 
(4.5) 





To find a equivalent spring constant 74, we apply the method of 
Kryloff-Bogoliuboff with which the square of the frequency yields 
2 k 	 7 






- 02Y3 sin4 *] d* 
This yields the equivalent spring constant 
3 k Y2 
(4 . 7 ) 	 — k













(1 + 7PY2) 
yn 




and is in the first order approximation equivalent to the nonlinear 
system (4.1). The basic condition for the applicability of such a method 
of equivalent linearization is the approximate harmonic character of the 
vibration, which is the case with fluid oscillations. As can be seen the 
coefficients of the oscillator are some definite functions of the ampli-
tude of the oscillations, and the integration of the equations of motion 
of a space vehicle has to be performed for a sufficiently large number of 
amplitudes, Y. 
5. Equations of Motion of a Space Vehicle  
For missiles and space vehicles it is necessary to consider the gene-
ral problem of dynamics and stability of the total vehicle under thrust. 
This is best described by the two essential investigations of stability 
and response. Stability expresses how effectively the vehicle achieves 
a state of motion and how rapidly it occurs. In a control feedback analy-
sis of a space vehicle one is usually satisfied to determine just the roots 
of stability instead of solving the motion of the whole system. The 
shifting of roots to more optimal positions represents then a major part of 
the investigation. If this is accomplished, however, the response of the 
space vehicle is needed to determine if the design of the system, i.e. 
the structural design and/or design of the control system, is adequate for 
certain given inputs such as control maneuvers or encountered winds. The 
design values are the available engine deflection, its rate, maximum 
bending moments, wave height of the oscillating propellants in the fuel 
containers, etc., due to a given probable wind increase and gust, through 
which the vehicle may have to pass during the ascent phase. The dynamic 
characteristic of the vehicle differ in complexity depending, of course, 
upon the complexity of the space vehicle itself. They are reduced here 
to a less complex system by truncating the equations of motion in such a 
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fashion that a more lucid presentation can be provided without loss of 
the more general features of the system. 
The largest amount of the total weight of a space vehicle is in form 
of liquid propellant, thus indicating that the problem of interaction of 
the sloshing propellant with the motion of the space vehicle remains 
throughout powered flight. 
The general problem of concern is the motion of the center of mass, 
the vehicle attitude, the motion of the propellants in the fuel con-
tainers and the lateral bending of the vehicle under the action of a con-
trol system. For the purpose of the following derivation of the equations 
of motion, the rate of mass, the moment of inertia and longitudinal acce-
leration variations are considered small enough to be negligible. It is 
furthermore assumed that the motion of the vehicle can be considered small, 
enabling one to linearize them, and that only the nonlinear effects of pro-
pellant sloshing and the control system are dominant. This is quite jus-
tified since onlythe propellant amplitude and the engine deflection, 
interaction of amplifiers and limited output of velocity, etc. may exhibit 
large deviations from linear theory. The equations of motion are quite 
simple and are adequate to illustrate gross effects of the interaction of 
structure, propellant sloshing and control. The control moments will be 
produced by swivel engines and the main energy is fed into the system by 
the feedback loops between the structure of the space vehicle and its 
control system. 
The coordinate system (figure 10) has its origin in the center of mass 
of the undisturbed vehicle [8, 9]. The accelerated coordinate system is 
replaced by an inertial system such that the space vehicle is subjected to 
an equivalent field of acceleration. Centrifugal and Coriolis forces which 
result from a rotation are considered negligible, and the acceleration of 
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the vehicle is in direction of the trajectory. 
Since the space vehicle is assumed to possess rotational symmetry 
about its longitudinal axis, there will be no coupling through the struc-
ture in the pitch-and yaw plane, and one can consider the motion of a 
flexible body in one plane perpendicular to the trajectory. The body 
fixed coordinates x, y, z, are defined with the origin coinciding with 
the center of mass. We denote the translatory motion of the vehicle by 
y and z, the pitching and the yaw motion about the center of mass by cp 
and x respectively the propellant motion by y n and zn , and the bending 
vibrations by Tin and r n . Considering motion in one plane, say the xy 
plane, C and x are not present. We follow the conventional path of de-
riving the equations of motion from Lagrangets equations. It is assumed 
that the motion of the space vehicle can be described by a superposition 
of a finite number of preassigned bending mode shapes and the translatory 
and rotational motions of the vehicle. The elastic mode shapes are intro-
duced as normal modes of vibration of the structure of the space vehicle. 
5.1. Equations of Motion for Nonlinear System 
For the derivation of the equations of motionLagrange's equation is 
employed in the form 
(5.1) 	d 	aT 
dt 34. 
61' 	4,D1 	6V - 	— 
aq i 	aqi 
= Q i + v (Xvi 	± x 	alifv2 I a g. v2 oq i  
(i= 1,2...) 
where T is the kinetic energy of the system, D the dissipation function, 
and V the potential energy. Q.  are the generalized forces corresponding 
to those external forces which cannot be derived from a potential. The 
coordinates, q i , specify the configuration of the system at any time. The 
second term and third term on the right hand side represent the influence 
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of the constraints on the system, 	being the Lagrange multipliers. lifv 
is the equation of constraint of the wi th swivel engine. This constraint 
is imposed by the control system which prescribes the angular deflection 
of the swivel engines. 
It is 
y, the lateral translation of the center of mass, or center 
line of the undeformed space vehicle, in y-directbn 
z, the lateral translation of the center of mass, or center 
line of the undeformed space vehicle, in z-direction 
cp, the pitching motion of the center line of the undeformed 
vehicle about the center of mass, with respect to the y-axis 
ynx ,znx , the displacement of the n
th sloshing mass relative to the 
container wall in y-and z-direction respectively (for the 
Xth container) 
ln , C6 the elastic deflection of the n th normalized bending mode 
shape, in y- andz-direction respectively. 
11111 , il2n, the non-sloshing sphere motion in the n th container with 
respect to the tank bottom 
€N.) 	 the compliance of the wi th swivel engine, expressing the 
difference of the actual engine deflection and the angle 
due to the control signal. 
Toll motion has been neglected. It is of major importance only if the 
propellant tanks are clusteres. Circular cylindrical propellant containers 
have been considered in the derivation of the equations of motion. If 
some tanks are spherical another an-value has to be chosen in the mech-
anical model. 
Kinetic energy. The kinetic energy is composed of those parts due to 
the empty structure of the space vehicle, that of the liquid propellant, 
and that of the swivel engines. The kinetic energy, T s , of the empty 
structure is obtained by summation of the translational and rotational 
kinetic energy of each segment. The translational velocity v due to 
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(5.2) 	T = 	m' 	- 4 
s 
v=1 
+ 	-x5( + 
v=1 
Z v )2 dx 









00 v=1 	 C 	v=1 




)2 (*2 _ r z I )2 
V=1 
where x is the distance of the considered element from the center of mass 
of the space vehicle and Y v 
 , Z
v 
 are the normalized bending deflections of 
the with lateral bending mode. The kinetic energy T s of the structure is 
therefore 
CO 	 CO 
+ 	I' f(ep -
v 
 Y')2 + (x - 	C Z I )2 j dx 
 
v=1 	 v ■ 1 
Here, m's is the mass of the structure per unit length and I's is the mass 
moment of inertia per unit length about the center of mass of the ele-
mental segment. The integration is performed along the total vehicle 
length, and the bending mode deflection curves Y v
, Z are normalized (to 
unity) at the swivel point of the engines of the space vehicle. 
The kinetic energy Tp of the liquid propellant is obtained by using 
the mechanical model (spring-mass-system, see section 3). This model des-
cribes the liquid motion, and consists of a fixed mass, m
o
, and an infi-
nite set of oscillating masses, m n , which are rolling on paraboloids and 
are connected with springs of "stiffness", k
n
, to the longitudinal vehicle 
axis. With the mechanical analogy, the kinetic energy of the propellant 
*The dot indicated differentiation with respect to time, while the prime 
stands for differentiation with respect to x. 
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can be written as 
(5.3) 
-I • 
Tr = z2 i mox f [y —x0xci) 	)Vv(x0x )]2 + [—x0xx +/ Vv (x0x )72 
v=i 	 vzi x -=1 
l ox ( Fp - 2 TivY\1) (x0x ) -12 +[5( — >g zl(x )] 2 j / 	oX 
v=1 	 v=1 
• 
I sx [cp 	t12,, )2 	+ *202 1 
X=1 
m 	 co 
1/2 	) mXn (137 -xXn (r) UXn(P (YX2n 	zX2n ) 
	
Vv (xxn ) + yn
• 
xr 
X=1 n=1 	 vm. 
OD 
Y1 • 	 • • • 	2 	2 ▪ -x
Xn 
x + &Xn  X(YXn z Xn) +2 Vv (xXn) ZnX ]
2 
V=i 
•[2(7Xn (YXnXn 	ZAn ) 	YXn(r) -z Xn 562/ 
where 2 indicates the number of propellant containers, m oX , the fixed 
(non-sloshing) mass in the Xth propellant tank, m nx the mass of the nth 
sloshing mode in the Xth container, x
oX the distance of the non-sloshing 
mass in the Xth container to the center of mass of the vehicle and x Xn 
the distance of the nth sloshing mass in the Xth container to the center 
of mass of the vehicle. The value I
oX 
is the moment of inertia of the 
non-sloshing mass in the Xth container about its own center of mass. The 
displacement of the mass of the nth sloshing mode in the Xth container 
relative to the tank wall is denoted in y-direction by y nx and in 
z-direction by z nx . 
The kinetic energy of the engines consists of their translational 
and rotational energy about their centers of gravity. For a stationary 
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(fixed) engine it is therefore 
CD 	 co 
TF E =z ME HST —XE C:0 --gE 
v±1_ 
kYv ( ,,E ) ]2 + [ -xE 
X  --gE5( ) 
i 
V 
z V (x0121 
?*1 	V = 1 	 v=1 
The kinetic energy of a swivel engine is given by 




Y' (xE  )12 + [)*( - > 	C VV  Z l (x, )] 2 } 
v=1 
where L E is the distance of the mass center of the engine to the swivel 
point and N€ is the distance of the swivel point to the mass center of 
the vehicle. The value IE is the moment of inertia about the mass center 
of the engine. 




(5.4) TEE = z I ME x[[37 - (xE x + EX )C'.° 	j 	VYCID (XE X ) 
V = 1 
+ 	—(XE v + i Ex ) 5( +2 CvZ v (xEx )] 2 / 
co '0=i 
• 	/ 	 c z (xE )1 2 
cc 	 op 
TS E = 1/2111E [31 —XE CP. --( E C-)1 V
(x 	
• 	• 
E )1 21- 	-xE X-LE v 12 
V=1 	 V=1 
2IE (1 + 	) 
where§i and 12 are the rotations of theswivel engine in the xy and xz-plane 
relative to an inertial system. 
It is G] 






X + 132 - 	cvZ (XE 
V = 1 
where 	and R2 are the engine deflections in xy and xz-plane respec- 
tively. If the space vehicle has q swivel engines, the kinetic energy 
is then 
co 	 GL, . 	. 
(5.5) T SE .2 k X mE x US' -xE x45 -2 E x ;i. x+ ) , 1VY V (XE X )]2 4-[ -3C E XX' -2 E 02 X 
Co 	V: i 	 Co 	 V=1 
+ ) tvZ v (XE x )12 1 + 3.,2  E x 1 X 
( i2 4. i'2 0 
V=1 
In most practical cases the masses of the engines, their moments of 
inertia and the distances xE x and 2 E; can be considered equal among each 
other. 
Potelttial Energy. The potential energy consists again of three main 
parts, namely that of the structure, engines and that of the propellant. 
The potential energy of the structure is made up by two parts, one of 
which representing the elastic energy of deformation 
m2 	 2 M2 	Qv M
2 	
Qv 
(5.6) 7 	= 3-- ) [7-12 [5 
EI 
 --I.) dx + 5 --- ] + e
v 
 [5 —2. dx +5 TE
s 
 dx ] } 




v cri2 + 
v v v 
v=1 
and the other, the work performed by raising the center of mass of the 
empty vehicle in the gravitational field due to rotation. This part be-




Equation (5.6) can also be expressed by 
CO 
(5.8) V sE 
(w2 /12 ,0 
Li M 1Y2 dx 	12 dX] 	
w2 [ r  MI 
 2 
Z dx + SI 'Z /2 dx] 
vv 	sv s v 	vv 	sv 	s v 
CO 
Here, My represents the bending moment, and Q v the shear force acting on 
an elemental cross section. The flexural stiffness is EI, G is the shear 
modulus, and A s represents the shear area of the cross section. The 
bending frequency of the with lateral bending mode is wv and Msv repre-
sents the generalized mass of the space vehicle. It may be mentioned 
here that the values May , Yv , wv2 are obtained from a lateral bending ana-
lysis with non-sloshing propellant. The value m: therefore, represents 
the mass per unit length of the structure and non-sloshing propellant. 
m
s 
represents the mass of the empty structure. 
The potential energy of the propellant is obtained by using again 
the mechanical analogy, and it is composed of the energy stored in springs 
and the lifting of the model masses in the gravitational field. It is 
£ 	 i 	 cc,  
C-1 
k, (yanx + z2nx )2 + kgcp2 t moxxox + i 2 i mnx xnx } 
X=1 n= 1 	 X=1 	X=1 n=1 
x111 	mnenX(3riX -1- 21i) 
i co 	 i co 
)7 g ) 	mXnYnX fP - ' 	flvY\I) (xXn ))-gki. 	
mnXzX n(x -TiCvZ.:7(xxn) 
it 	 v=1 	 =in:i 	v=i 
i co 	 i 
In order to derive the potential energy of the engines, they are consi-
dered as masses mE  1 with a moment of inertia IEx . At the swivel engines 
- A (cp2 + 	) m we ( y2 + z2 nX nwk nX nX) 
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the gimballing system is considered as a simple spring-damper-system. 
The work performed due to pitching and yawing in the gravitational 
field g is for p stationary engines given by 
(5.10) VEGF - z , mEx g(xEx+ icx ) (y2 + X2) 
X=1 
and for q swivel engines, it is 
\q l 	 q, 
(5•11) VEGS 	4 	IDE Xg xE Off + x2 ) 	irk Xge E x(C+ 	) 
X-1-4 
The actual engine deflection will be determined by an effective spring 
constant and damping coefficient of the gimbal system. The potential 
energy therefore is 
q  
(5.12) VEKS  = % 	k (62 -Fe )  2 t X 	X 2X 
X=1 
where e ix = B. -$icx . Fl ix is the actual engine deflection of the Xth 
engine, while 
Rica 
 is the angle due to the control signal. cuEx is the 
natural frequency of the Xth gimbal engine system and 
IE  = mEX E 
2 	I
E A 
1 . The subscript i = 1, 2 indicates the plane in which 
X 	X  
the engine gimbals. i = 1 indicates the xy-plane, while i = 2, indicates 
the xz-plane. 
Dissipation function. The dissipation function of the structure 
arises from its structural damping which is considered proportional to 
the amplitude of the elastic system and in phase with its velocity. This, 
unfortunately, would lead to complex elements, which would complicate the 
analysis considerably. To avoid this computational complication, a dissi-
pation function is employed which is based on an equivalent linear viscous 
damping. This is justified as long as the damping forces are small and 
only of importance in the neighborhood of the bending frequencies. 
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The dissipation function of the structure is therefore given by 
CO 
(5.13) 	D
s = 2 	
w M 	g v  (i12v  + C2 ) 
v=1 
where gv is the dimensionless structural damping coefficient of the with 
lateral bending vibration mode, and ranges in the neighborhood of 
0.001 	g < 0.05. 
The dissipation function of the liquid propellant arises from the 
equivalent linear viscous damping as it was introduced in the mechanical 
model (see section 4). It is with 	Cxn = 2Cnx wnx mnx 
00 
(5.14) D 	%2- P =   2, Cni (31 ■n+ '2in + 2i11 )+ 	csi (if X + :X ) 
m i=1 n=1 	 X:1 i 
) C W 1T1 [ 572 + Z2 + 4u2 (y S7 ± Z 	j-q ) C ( V X+ i2 2X ) / , nX nX nX iy 	in 	nX in in in in )2 	/ 	sx 1 	 
X i 1 n=-1 	 i,ii 
where C
ni 
is the damping factor and w
ni the circular natural frequency 
of the nth sloshing mode in the ith container. The second series repre-
sents the damping of the spheres. 
The dissipation concerned with the swivel engines arises from the 
friction of the gimballing system at the swivel points and the viscous 
damping in their actuators. The friction at the swivel point is assumed 
to be small and independent of the load. It will therefore be neglected. 
The viscous damping of the actuators is described by the dashpot of the 
equivalent mechanical gimballing system and is proportional to the dif-
ference of the velocities of the command signal and the actual velocity 
of the swivel engine. It is therefore 
_q, 
(5.15) 	 D = 1/2 	CxE(efx+ 4x) 
X=1 
The equations of motion are obtained by performing the differentia-
tions for each generalized coordinate in the Lagrange equation, where the 
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following relations have to be observed. 
The total mass m of the vehicle is given by 
m 	p+11 
(5.16) m = rm'clx + 	mo, + 	m
nX 
+ 	) m E /  s 	 A /__J 
Xj]. 	X=1 n=1 	X=1 
The origin of the coordinate system is at the equilibrium position 






oX xoX + 
X=1 	X=1 n= 
110-tcl 
m ,(x ,+ 	,) = 0 M
nX
X
nX  	EA EA EA 
X=1 
Furthermore the linear momentum for the normal modes of vibration is 
conserved and expressed by 
.8 





,J m'  s z v 	, 







(5.18) i' 	i v + 	 + 	
L 
'7 m 	 = 0 
X=1 	 X=1n=1 
where the integrations are to be performed along the total vehicle 
length. 
Generalized forces of thrust. Before proceeding to the derivation 
of the equations of motion some of the generalized forces that cannot be 
represented from a potential are derived. They are obtained by calcu-
lating the virtual work done by the external forces through virtual in-
crements of the generalized coordinate 8q i. 	It is 
8W = 7 Q i 8q i 
whereWistheworkandQ.l 
are the generalized forces. We shall de- 
rive here that due to the space vehicle's thrust F. If only a part F 2 
 of the thrust F = F1 F2 is employed for control purposes, i.e., if only 
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this part of the total thrust can be gimballed, while the remainder F1 
 of the thrust is stationary then the derivation of the generalized 
forces with respect to the thrust is as follows. 
The generalized force of the lateral translation due to the thrust 
vector of the vehicle is given by the thrust component in y-direction. 
The virtual work is 
CO 
aWy = F [cp - 	Ti vYvi (xE )]8 y F2 a1  Ely 




Qy 	F[cp - 	ilvY:) (xE ) 	F2 fel 
where 131 is the engine deflection as measured from the center line of 




(5.20) 	 Qz = F[X - 	cvZv (xi) ]+ F2 132 
v=1 
The generalized force of rotation is presented by the moment of the 
thrust force about the center of mass of the vehicle, and yields with 
SWCP - - Ff xE  2 T Y i (xE  ) - ) TV  Y (xE  )1 8c0 -F2xE f31 1aP 
V = 1 	 v=1 
the expression 
(5.21) Qcp = F [xE v Y v  (xE ) 	TivYv (xE ) 	-F2 xE 131 







= F fxE ) v 
 Z 
v




(xE )1 -F2 xE 
E   
v=1 	 v=1 
Finally the generalized force of the thrust with respect to the generalized 
coordinates arising from the lateral bending of the space vehicle are ob-
tained in a similar way be observing that the thrust force is always per-
pendicular to the lateral bending motion and that the virtual work through 
a virtual displacement of the generalized coordinate is 
8147v = F201 Yv (xE ) Si 
The generalized force is therefore 
(5.23) 
	
QT1 v = F2 13 1 	(XE ) 
and 




= FO2Zu (xE) 
The generalized forces of the thrust with respect to the sloshing dis- 
placement is zero, i.e., Q 	= 0 and Q
zn 
= 0. Furthermore 
QE1  . = 0. yn  
The equations of constraint are obtained for the with engine from 
co 
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(5.26) ova = X + I3 CV2 	eV2 11 i(XE 	 V = 0 11 
11=1 
The equation of motion for the translation y of the space vehicle is 
obtained from equation (5.1) with equations (6.2) through (5.15) by em-
ploying the results (5.16) through (5.17). It is 
CO 	00 	 CO 
V' ' 
	
(5.27) m57 + 	
mnX 	nIsE'g E [ I31 - 	 )1 
X=1 n=1 v=1 
) 	
mE VYv (xE) = F [So ) 71vYv (xe )3+ F2131+ Q 
v=1 v=1 
where Q is the generalized force due to aerodynamics forces (drag, etc.). 
m £ is the total first moment of the swivel engines about swivel point, 
SE E 
and mE is the total mass of all engines. 
J1, 
= 	mxE + 2 mXE 
X=1 	X=1 
The equation of motion for the translation z of the space vehicle 
is given by 
i 
V' 7' 
(5.28) 	+ 	mxn Zxn -msE 	 CvZ vI (XE )] 
X = i n=1 	 V=1 
\ ' “ 
Cvz ( xE ) = F[X - 	CvZvI (xE )1 + F2132+ Q z 
Vt1  
The reaction moments about the swivel points are obtained by differen-
tiating the Lagrange equation with respect to the rotation angle Ilf y 
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and observing that Q, = 0. It is 
-41 v 
a) 
-xi = 	+1;11- 
•• 
-m 	57.  xE T 
SE SE [  
xE )] 	msE 	[cp 	TlvYv (xE )1 
F51 	 =1 
TlvYv (xE )1 
and 	-X2. = I SE  EK 	T 2 	. vZvI(XE )7 + M SE gi E [X 4. 132 





EY -xE % 	 yZ y (XE )1 
Vsi 
The equation of motion for pitching motion, cp, of the space vehicle 
is obtained from equation (5.1) with q i = cp and with the result of the 
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+ In   V V g i E Dl - , 
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CO 	 CO 
- mrE (xE 44) ) :PvYv (xE ) - IFE 	TIvYv (xE ) : 
V=1 	 v = 1 
00 
+F[xi vv  Y/(xE ) - ilvYv(x)1 
- F2 XE f31 • 
v=1 v=1 
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where the effective moment of inertia of the space vehicle is given by 
/9. 	 p 
---, \--, 
(5.30) I --- rale' = 'm i x2 dx + 'I'dx + j m x2 + 	I 	+ 	) X2 
S 	, S 	/ oX oX oX / /__, nX nX 
X= 0 	X-E1 X=1 n=1 1D+cl 
`-'—' 
+ L [1E x + rnE x (xE x + i E 02 1 + 2 1 sx 
	
x=1 	 Xi 
and the equation for the conservation of the angular moment has been 
observed: 
(5.31) :mixY v 
 (x)dx + r It
sv 	/ 
Y 1 (x)dx + ) m
oX xoX 
Y v (xoX ) - / ) I
oX Yvi(xoX ) 
m 	 X=1 ) ), 
mnxxnx Yv (xnx ) = 0 
n=1 X=1 
The value xE is the distance of the swivel point of the engines from 
the origin and k is the radius of gyration of the space vehicle. The 
first term on the right hand side of equation (5.29) represents the gene-
ralized force of the thrust with respect to lateral bending and Q in the 
generalized force due to aerodynamics, drag, etc. The values Y
v
(xE ) and 
Y(xE ) are the lateral displacement and slope (in y-direction) of the with 
bending mode at the location of the swivel point, respectively. 
The equation of motion for yawing, x, is given by 
x=i 
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m x 	 )mnx72nx ( ynx +z nx ).{ + nx-1-2 CvZ v (xnx )1 nX ni n 
X=1 n=1 X-=1 n=1 	 v=1 
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nIn27nX (YnX57nX± znXTIX ){   v
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, X mnX znX 
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—F2 XE 132 
where the equation of conservation of angular momentum 
OD 
(5.33) Ym'sx Zv (x)dx+S IZ N)1 (x)dx+ 	moxxoxZ y (x0x ) 
X]_ 
u
_ xZ \i) (x0x ) +2 ) mnxxnx Z v (xnx ) = 0 
X=1 	 n=1 x=1 
has been observed. 
The equation of motion of the moving propellant in the containers 
of the space vehicle is based on the mechanical model and is obtained by 
applying the Lagrange equation to the generalized coordinate y nx . Ob- 
serving that the generalized force Q ynX vanishes yields the equation of the 
modal sloshing mass 
(5.34) YnX+ 2wriXCnX [3'1.1X+ 4TriX37nX (3'nX37nX4znOnX )1 	4Z2nXynX [311X 	11X 
4- 2 	k 
YXnYnX+znXnX ] 1- waynX + mnX YnX (3 nX1-z2nX ) 1- Y -xt.0Y - gT . nX 
+ ):I vIlv (xnX ) -4g ) TIVYv (xnX ) :121  
v:i 	 v-ml 
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zi(x) + 	m / o 	Zv (x° )ZP(x° ) v oX p oX 
7' 	Y (x )1/ (x ) 
X=1 
The subscript n indicates the number of the propellant mode under con-
sideration while X indicates the container number. nX 
is the damping 
factor of the propellant and w
Xn 
its undamped circular natural frequency. 
In z-direction it is 
(5 . 35) znX+ 2wnX 	 45nX znX (YnX37nX-1-z nX 2 nX )1 	43nX znX [372nX 	+ 
k
nX 
+ y 	+ z 	7  + 
W 	 z (y2 	
n 
+ z2 ) + nh 
)( -gx 
nX nX 	nX nX nX mnX 







g 7, cv z vi (xnX ) = 0 
v=1 
fYv(xnx ) and 	Uxnx ) 	are displacement and slope respectively of the with 
AZv(xnx ) 	Zy(xnx
) 
lateral bending mode at the location of the nth sloshing mass in the Xth con-
tainer. 
As space vehicles increase in size the lateral fundamental bending 
frequency approaches more and more the control frequency and the lower na-
tural frequencies of the propellant. This indicates that in many cases the 
bending vibrations of the space vehicle can no longer be neglected in a dy-
namic analysis of the vehicle with the inclusion of propellant sloshing and 
control system. 
The equation of motion of the with bending mode is obtained from 
equation (6.1) with the equations (6.2) through (6.16) by observing the re-
sults of equations (6.17), (6.26) and the orthogonality relations between 
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v oh p 0X 
X=1 n=1 	
v nx p nx 
X=1 
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It is there fore 
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Here w
v represents the natural circular frequency of the with lateral bending 
mode and gv is the corresponding structural damping. The generalized mass 
of the with lateral bending mode, M e v is given by the expression 
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In z-direction it is 
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of the with lateral bending mode at the location of the non-sloshing mass 
in the Xth propellant tank. 
Besides the sloshing of the propellant, only the control equation is 
a pronounced nonlinear equation. However, translational and rotational 
motions of the space vehicle usually occur at small frequencies where, in 
many cases, the control elements can be considered as essentially linear. 
Nonlinearities usually occur at higher frequencies in the form of satura-
tion of amplifiers, limited output of velocities, etc. Therefore the con-
trol equation is written in the form f1 01 , 52 ) = f2 (yi , xi , Ail , Ai2 ) 
where the operators fl and f2 are functions depending on the character of 
the system. Ail is the indicated acceleration as measured by an accelero-
meter normal to the longitudinal axis of the vehicle in y-direction, while 
Al 2 is the indicated acceleration in z-direction. 
62 
cp. andXi . are the indicated angular deviation from the trajectory 
as indicated by the gyroscope. 
Co 




and = 'X - 	C Z 1 (x ) Xi 	 v v 6 
vzi 
Y i (x 
where  
Z
/ (x ) is the derivative of the with lateral bending mode at the 
v 
location of the gyroscope. If the fundamental lateral bending frequency 
is well above the control and propellant sloshing frequencies, of which 
the corresponding sloshing masses create pronounced dynamic effects, the 
flexibility of the space vehicle can be usually neglected. The equation 
of control sensors such as rate gyroscope angle-of-attack-meter and acce-
lerometer are omitted here, but can be found in reference [10]. 
The equations of motion for the "nonsloshing spheres" are obtained 
by using for q i = *in and 4 2n . They are 
(5.40) I sn ( 	.1 1.11) + c snh n : 0 
and 
(5.41) I sn ( :;( + 	) 	C sn i/2/1 = 02 
(n = 1, 2, ..... 
The swivel engine equations are obtained by introducing into the Lagrange 
equations the coordinates q i  = civ, eiv and observing Qev = O. They are 
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5.2. Equations of Motion for Equivalently Linearized System 
In many practical cases a dynamic analysis in one plane, say the xy-
plane, is sufficient to indicate stability or instability of the system. 
Since linear theory can easily be treated with the usual methods applied 
to a system of linear equations, and since a computer program of such a 
system is available at the Aero-Astro-Laboratory of the Marshall Space 
Flight Center, NASA, in Huntsville, Alabama, an equivalently linearized 
mechanical model is used here for the description of the propellant motion. 
In this way, the solution of a system of linear and nonlinear equations is 
avoided and the presently available computer programs can be used. The in-
tegration of the equations of motion, however, has to be performed for a 
sufficiently large number of amplitudes. 
The equations of motion are obtained from section 6.1. by omitting the 
equations in z-direction, x, C v , znx and setting z, x, v 
and znx equal to 
zero. The equation of motion for translation is then 
i 	Co 	 Co 	 Co 
:--- 1 	 -,---. 	 ---, -, 
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nx 
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The equation for pitching motion is 
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The sloshing of the propellant is now described by the equivalent 
linear equations. 
mnx Ynx + c rix (1 + "enxY%) Srnx + [konx+( knx-M x D2 mnx) Y2nx 1 ynx 
7,-- 
= mnx Exa 
	11 vYSxnx )] + mnx g [ y - 	liji;(xnx ) ] 
v=1 	 v=1 
(n = 1, 2, ....; X = 1, 2, ...i). 
The equation of motion of the "sphere" is given by 






(n = 1, 2, ... 2) 
The equation of bending vibrations is given by equation (5.37). The 
equation of the swivel engines are the same as in the previous case (see 
equation 5.42). 
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6. Comparison With Experimental Data  
Of the small amount of experimental data available, especially am-
plitude frequency nonplanar data, that presented by Hutton [2] appeared 
most useful for purposes of comparison. Fluid amplitude versus excitation 
frequency measurements are given there for both the planar and nonplanar 
motions for several excitation amplitudes. These experimental values are 
compared with the response amplitudes determined from the model equations 
(2.20) and (2.27) in figures (6), (7a) and (7b). The value Us = 2/3 for 
the dimensionless spring constant was determined for agreement with the 
nonplanar data for excitation amplitude x o = 0.032 in., since the nonplanar 
measurements for this excitation are more numerous and seemed more consis-
tent. Figure (7b) indicates, however, that a s = 2/3 may be too large based 
on a comparison of the model values with the data for x o = 0.0195 in. 
Although not shown in this figure, the model nonplanar response will agree 
well with the experimental point for xo = 0.0195 in. if as : 1- is chosen. 
All comparisons with experimental data were made with as = 2/3, since this 
value appears to be an upper bound. A decrease in the value of a s will pre-
dict larger nonplanar amplitudes and bring the planar response into ever 
closer agreement with experimental values. Since the theoretical ampli-
tudes and frequencies for the planar stability boundaries decrease with a 
decrease in 4%.;as< 2/3 will be a more conservative choice. 
Figure (11) is a comparison of the fluid force determined for the 
model equations and experimental measurements obtained from [3]. The 
large amplitude planar measurements were obtained through the use of a ver-
tical splitter plate plate which prevented the occurrence of nonplanar 
motion. The model force with as = 0 and as = 2/3 are shown along with the 
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theoretical values given in [3]. A value of a
s less than us 
= 2/3 is 
indicated. 
The effect of damping on the amplitudes of planar response is shown 
in figure (12) while the phase is shown in figure (13). 
Figure (14) shows the regions of stable planar and nonplanar motions 
determined from the model equations for a 105" diameter tank with 
xo = 1/2 in. and h/a = 1.5. 
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7. Conclusions  
The nonlinear mechanical model as it was derived gives a good des-
cription of the liquid behavior off and near resonance. Planar and non-
planar motion of the liquid are well described. Points of instability 
are obtained with good accuracy as has been seen by comparison with avail-
able experimental data. A model consisting of a mass point constrained to 
a paraboloid and a nonlinear spring that is capable of moving up and down 
the longitudinal axis seems to describe the liquid motion quite adequately. 
The results show better agreement than those of other models, such as a 
spherical pendulum, the mass of which does not exhibit the same relation 
between horizontal and vertical motion as the mass center of the sloshing 
liquid. Due to insufficient data on the pressure distribution, the liquid 
forces and torques one value (u) of the model had to be obtained from ex-
perimental results [2] . The magnitude of this value seems to lie in the 
range 1/2 	2/3 for a circular cylindrical container. A change of this 
value may well describe fluid motions in other tank configurations, but has 
to be determined from experimental data. 
Since, in most vehicles, only the propellant motion and control system 
exhibit dominant nonlinearities ) the equations of motion of a space vehicle 
have been derived for lateral translation, pitching and yawing motion, 
propellant sloshing, swivel engine compliances and lateral bending. For 
the convenience ofusing available linear computer programs, the motion of 
the space vehicle was confined to the trajectory phane and the equations of 
motion have been equivalently linearized. 
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FIGURE 2: COORDINATES FOR PITCHING MOTION 
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FIGURE 5b: NONPLANAR RESPONSE PERPENDICULAR TO EXCITATION 
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FIGURE 7b: COMPARISON OF THEORETICAL AND EXPERIMENTAL FLUID AMPLITUDES 
FIGURE 8: MECHANICAL MODEL FOR TOTAL FLUID SYSTEM 
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FIGURE 10: COORDINATE SYSTEM OF SPACE VEHICLE 
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FIGURE 11: COMPARISON OF FLUID FORCE WITH EXPERIMENTAL DATA 
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FIGURE 13: DAMPED PLANAR PHASE ANGLE 
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FIGURE 14: STABLE PLANAR AND NONPLANAR RESPONSE FOR JUPITER TANK 
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